Diffusion Examples

William O. Bray
University of Maine

The purpose of this notebook is to illustrate graphically the solution to the heat equation on the real line. The
intial value problem has the form

U = @? Uy, XER

IC: u(x, 0) = f(X)

The Gaussian

TS, t 1 =EXp[-X"2/ (At)]/ (4Pi t)A(1/2)

The above defines the heat kernel. In what follows are several
exanpl es of solutions to the Cauchy problemfor the heat equation.
These illustrate i deas presented in class.

Tl Plot [{s[x, 11, S[X, 0.5], s[x, 0.17, s[x, 0.05]}, {x, -3, 3},
Pl ot Range -> Ful |, Pl ot Styl e » Thi ck, | mageSi ze -» {500, 300}]

Out[30]=
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Example 1

M f1[x_ 1= Piecewi se[{{1, Abs[x] <1}, {0, Abs[X]>1}}]
ul[x_, t_]1:=Evaluate[lntegrate[fl[y]ls[x -y, t]1, {y, -1, 1}1]

ulfx, t]
out[33]= 1 [Erf [—1+X} + Erf [ 1+Xx }
2 2t 2Vt

Notice that the above formula is the same as obtained in the text obtained by hand calculation and using the
definition of the error function.

"l Plot [{f1[x], ul[x, 0.0005],
ul[x, 0.005], ul[x, 0.05], ul[x, 0.571}, {x, -3, 3},
Pl ot Styl e - {Thi ck, {Dashed, Thick}, {Geen}, {Blue, Thick}, Red},

| mageSi ze » {500, 300}]

- 1.0
]

]

I

1

1

1

1

I

1

1

]

1

1

1

1

Out[34]=

I I

1 1

1 1
1 1
1 1
1 1
] 1
1 L 1
] 1
1 0.2+ 1
1 1
] 1
1 1
] 1
] 1
1 1

L L 2 \ LS L
-3 -2 -1 1 2 3

A three dimensional rendition of the solution is given as follows.
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In[35]:=

Pl ot 3D[ul[x, t1, {x, -4, 4}, {t, O, 3},
| mageSi ze » {500, 300}, AxesLabel - {x, t, u}]

Out[35]=
Example 2
M $3[x_ 1= Sign[x] EXp[-Abs [X]]
u3d[x_, t_]1:=Evaluate[lntegrate[f3[y]ls[x -y, t],
{y, =-Infinity, Infinity}, Assunptions - {t >0}]]
Sinplify[u3[x, t]]
- 1 2t - x 2t +X
W e 1Bt [« X Erfo[ ]
2+t 2+t
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In[40]:=

Pl ot [{f3[x], u3[x, 0.005], u3[x, 0.05], u3[x, 0.5]1}, {x, -4, 4},
Pl ot Styl e » {Thi ck, {Dashed, Red}, {Green, Thick}, Bl ue},
| mageSi ze » {500, 300}]

out[40]=

Theinitial data above is an odd function. The following plot illustrates that our solution aso gives the solution
to an IBVP on the half-line with homogeneous Dirichlet boundary condition at x = 0. This foreshadows the
method of reflection discussed in Chapter 4 of the text.
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In[41]:=

out[41]=

Show([%, Pl ot Range -» {{0, 4},

{0, 1}}1]

N

Example 3

In[42]:=

fA4[x_]1:=XExp[-Abs[x]]

ud[x_, t_]:=Evaluate[lntegrate[f4[y]s[Xx -V, t],

{y, =-Infinity, Infinity}, Assunptions - {t >0}]]

Simplify[ud[x, t]]

Out[44]= (Et -X

N e

(2t -x) Erf {\/tif
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2t +2e®Xt +x+e2Xx-e?* (2t +X) Erf{

2t +X
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Vvt

}Sign[Zt +x]2% +
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In[45]:=

Plot [{f4[x], ud4[x, 0.005], ud[x, 0.05], ud[x, 0.5]},
{x, -4, 4}, I mageSi ze » {500, 300}]

03[

01l

Out[45]=

M uB[x_, t_1:=Evaluate[lntegrate[Abs[f3[y]]S[X -V, t],
{y, -Infinity, Infinity}, Assunptions - {t >0}]]
T sinplifyusx, t1]
a7l 1 -2t +X 2t
o 2 gt X 1+Erf{—+}+e2XErfc{ +X}
2 24t 2t




In[48]:=

Out[48]=

In[49]:=

Out[49]=
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Pl ot [{Abs[f3[x]], u5[x, 0.005], u5[x, 0.05], u5[x, 0.5]},
{x, -4, 4}, I mageSi ze » {500, 300}]

Show[%, Pl ot Range -> {{0, 43}, {0, 1}}]




