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Eulerian non-commuting graphs

I A graph is Eulerian if a path can be drawn through it
that goes through every edge exactly once and ends at
the same vertex that it started at.

I A graph is path Eulerian if it isn’t Eulerian but a path
can be drawn through it that goes through every edge
exactly once and ends at a different vertex than it
started at.

I A graph is Eulerian if and only if every vertex has even
degree and path Eulerian if and only if exactly two
vertices have odd degree.

I For an element v ∈ G , the degree of the vertex
corresponding to v in Γ(G ), the non-commuting graph
of G , is d(v) = |G | − |CG (v)|.
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Conjugacy classes

I The conjugacy class of an element x ∈ G , written [x ], is
the set of all y ∈ G for which there exists a g ∈ G so
that y = gxg−1.

I All distinct conjugacy classes are disjoint.

I |[x ]| = |G |
|CG (x)|
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Groups with a particular order

I By Lagrange’s theorem, if H is a subgroup of G , then
|H| divides |G |.

I CG (v) is a subgroup of G .

I If |G | is odd, then |CG (v)| must be odd for all v ∈ G ,
so d(v) = |G | − |CG (v)| is even for all v ∈ G and Γ(G )
is Eulerian.

I If |G | = 2n, then |CG (v)| = 2m for some nonnegative
integer m ≤ n. CG (v) must contain at least e and v , so
m ≥ 1 (when v = e, CG (v) = G ). Therefore, |G | is
even and |CG (v)| is even for all v ∈ G , so
d(v) = |G | − |CG (v)| is even for all v ∈ G and Γ(G ) is
Eulerian.
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Direct products

I |G × H| = |G ||H| and
|CG×H((v ,w))| = |CG (v)||CH(w)|

I d((v ,w)) = |G ||H| − |CG (v)||CH(w)|
I If |G | and |H| are both odd, then |G × H| is odd, so

Γ(G × H) is Eulerian by the previous result.

I If |G | is even and |H| is odd, then |CG (v)| must be even
for all v ∈ G , so Γ(G × H) is Eulerian if and only if
Γ(G ) is Eulerian.

I If |G | and |H| are both even, then it must be true that
either |CG (v)| is even for all v ∈ G or |CH(w)| is even
for all w ∈ H, so Γ(G × H) is Eulerian if and only if
either Γ(G ) is Eulerian or Γ(H) is Eulerian.
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Symmetric group
I Any two elements of Sn are conjugate if and only if they

have the same cycle structure.

I There are n!
n = (n − 1)! n-cycles in Sn, so if

x = (a1a2...an) is an arbitrary n-cycle, then
[x ] = (n − 1)!. Then, |CSn(x)| = n!

(n−1)! = n. Therefore,

if n is odd, then d(x) is odd for all n-cycles x . If n = 3,
then there are two 3-cycles, so Γ(S3) is path Eulerian.
For any larger odd n, there are more than two n-cycles,
so Γ(Sn) is non-Eulerian.

I There are n!
n−1 (n − 1)-cycles in Sn, so if

x = (a1a2...an−1) is an arbitrary (n − 1)-cycle, then
[x ] = n!

n−1 . Then, |CSn(x)| = n!
n!

n−1

= n − 1. Therefore, if

n is even, then d(x) is odd for all (n − 1)-cycles x . For
all even n ≥ 4, there are more than two (n − 1)-cycles,
so Γ(Sn) is non-Eulerian.

I Therefore, Γ(S3) is path Eulerian and Γ(Sn) is
non-Eulerian for all larger n.
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Dihedral group

I D2n = 〈r , s|rn = s2 = 1, sr = r−1s〉

I r i and r j commute for all i , j .

I r i and r js commute if and only if i = 0 or n is even and
i = n

2 .

I r i s and r js commute if and only if i = j or n is even
and |j − i | = n

2 .

I If n is odd, then Z (D2n) = {1}. If n is even, then
Z (D2n) = {1, r

n
2 }.

I If n is odd, then |CD2n(r i )| = n (1 ≤ i ≤ n − 1) and
|CD2n(r i s)| = 2 (0 ≤ i ≤ n − 1), so Γ(D2n) is
non-Eulerian, except that Γ(D6) is path Eulerian.

I If n is even, then |CD2n(r i )| = n (1 ≤ i ≤ n
2 − 1 or

n
2 + 1 ≤ i ≤ n− 1) and |CD2n(r i s)| = 4 (0 ≤ i ≤ n− 1),
so Γ(D2n) is Eulerian.
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I r i and r js commute if and only if i = 0 or n is even and
i = n

2 .

I r i s and r js commute if and only if i = j or n is even
and |j − i | = n

2 .

I If n is odd, then Z (D2n) = {1}. If n is even, then
Z (D2n) = {1, r

n
2 }.

I If n is odd, then |CD2n(r i )| = n (1 ≤ i ≤ n − 1) and
|CD2n(r i s)| = 2 (0 ≤ i ≤ n − 1), so Γ(D2n) is
non-Eulerian, except that Γ(D6) is path Eulerian.

I If n is even, then |CD2n(r i )| = n (1 ≤ i ≤ n
2 − 1 or

n
2 + 1 ≤ i ≤ n− 1) and |CD2n(r i s)| = 4 (0 ≤ i ≤ n− 1),
so Γ(D2n) is Eulerian.
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Semidirect products

I G ∼= Zm o Z2n , where m = pe11 pe22 ... for distinct odd
primes p1, p2, ... and positive integers e1, e2, ...

I G ∼= 〈a1, a2, ..., b|a
p
ei
i

i = b2
n

= 1, ajai = aiaj , bai = akii b〉
I k2

n

i ≡ 1 mod peii
I k2

n

i ≡ 1 mod pi
I opi (ki ) divides 2n

I Let ug =
∏

opi (ki )=2g

peii

I Zm o Z2n
∼= Zu0 × (Zu1u2...un o Z2n)

I Γ(G ) Eulerian if and only if Γ(Zu1u2...un o Z2n) Eulerian
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Semidirect products (continued)

I Zu1u2...un o Z2n = 〈a1, a2, ..., an, b|auii = b2
n

= 1, ajai =

aiaj , bai = alii b〉, where oui (li ) = 2i

I Suppose ax11 ax22 ...a
xn
n by and a

x ′1
1 a

x ′2
2 ...a

x ′n
n by

′
commute.

Then, xi (l
y ′

i − 1) ≡ x ′i (l
y
i − 1) for all 0 ≤ i ≤ n.

I If un 6= 1, then for all elements of G with y = 0 and
xn 6= 0, |CG (ax11 ax22 ...a

xn
n )| = u1u2...un, which is odd.

I If un = 1, then the congruence for i = n is trivially true.
I For any y , let s be the largest power of 2 that divides y

(i.e. 2s divides y but 2s+1 does not). Then, the values
of x ′s+1, x

′
s+2, ..., x

′
n−1 are forced.

I If r is the smallest integer less than or equal to s for
which xr+1 = xr+2 = ... = xs = 0, then 2r divides y ′.

I Then, |CG (ax11 ax22 ...a
xn−1

n−1 b
y )| = 2n−ru1u2...us .

r ≤ n − 1, so |CG (ax11 ax22 ...a
xn−1

n−1 b
y )| is always even.

I Therefore, Γ(Zm o Z2n) is Eulerian if and only if
opi (ki ) 6= 2n for all primes pi |m.
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Semidirect products (continued)

I G ∼= Z2mr o Z2n , where r = pe11 pe22 ... for distinct odd
primes p1, p2, ... and positive integers e1, e2, ...

I G ∼= 〈a, b1, b2, ..., c |a2
m

= b
p
ei
i

i = c2
n

= 1, bia =

abi , bjbi = bibj , ca = ak0c , cbi = bkii c〉
I o(aubv11 bv22 ...c

w ) divides |CG (aubv11 bv22 ...c
w )|

I (aubv11 bv22 ...c
w )t =

au(1+kw
0 +k2w

0 +...+k
(t−1)w
0 )b

v1(1+kw
1 +k2w

1 +...+k
(t−1)w
1 )

1 ...ctw

I o(cw ) divides o(aubv11 bv22 ...c
w ).

I o(cw ) is a power of 2. Therefore, if w 6= 0, then o(cw )
is even, so |CG (aubv11 bv22 ...c

w )| is even and Γ(G ) is
Eulerian.
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I o(aubv11 bv22 ...c
w ) divides |CG (aubv11 bv22 ...c

w )|
I (aubv11 bv22 ...c

w )t =

au(1+kw
0 +k2w

0 +...+k
(t−1)w
0 )b

v1(1+kw
1 +k2w

1 +...+k
(t−1)w
1 )

1 ...ctw

I o(cw ) divides o(aubv11 bv22 ...c
w ).

I o(cw ) is a power of 2. Therefore, if w 6= 0, then o(cw )
is even, so |CG (aubv11 bv22 ...c

w )| is even and Γ(G ) is
Eulerian.
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Further research

Semidirect products (continued)

I G ∼= Z2mr o Z2n , where r = pe11 pe22 ... for distinct odd
primes p1, p2, ... and positive integers e1, e2, ...

I G ∼= 〈a, b1, b2, ..., c |a2
m

= b
p
ei
i

i = c2
n

= 1, bia =

abi , bjbi = bibj , ca = ak0c , cbi = bkii c〉
I o(aubv11 bv22 ...c

w ) divides |CG (aubv11 bv22 ...c
w )|

I (aubv11 bv22 ...c
w )t =

au(1+kw
0 +k2w

0 +...+k
(t−1)w
0 )b

v1(1+kw
1 +k2w

1 +...+k
(t−1)w
1 )

1 ...ctw

I o(cw ) divides o(aubv11 bv22 ...c
w ).

I o(cw ) is a power of 2. Therefore, if w 6= 0, then o(cw )
is even, so |CG (aubv11 bv22 ...c

w )| is even and Γ(G ) is
Eulerian.
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Further research

Semidirect products (continued)

I G ∼= Z2mr o Z2n , where r = pe11 pe22 ... for distinct odd
primes p1, p2, ... and positive integers e1, e2, ...

I G ∼= 〈a, b1, b2, ..., c |a2
m

= b
p
ei
i

i = c2
n

= 1, bia =

abi , bjbi = bibj , ca = ak0c , cbi = bkii c〉
I o(aubv11 bv22 ...c

w ) divides |CG (aubv11 bv22 ...c
w )|

I (aubv11 bv22 ...c
w )t =

au(1+kw
0 +k2w

0 +...+k
(t−1)w
0 )b

v1(1+kw
1 +k2w

1 +...+k
(t−1)w
1 )

1 ...ctw

I o(cw ) divides o(aubv11 bv22 ...c
w ).

I o(cw ) is a power of 2. Therefore, if w 6= 0, then o(cw )
is even, so |CG (aubv11 bv22 ...c

w )| is even and Γ(G ) is
Eulerian.
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Further research

Semidirect products (continued)

I G ∼= Z2mr o Z2n , where r = pe11 pe22 ... for distinct odd
primes p1, p2, ... and positive integers e1, e2, ...

I G ∼= 〈a, b1, b2, ..., c |a2
m

= b
p
ei
i

i = c2
n

= 1, bia =

abi , bjbi = bibj , ca = ak0c , cbi = bkii c〉
I o(aubv11 bv22 ...c

w ) divides |CG (aubv11 bv22 ...c
w )|

I (aubv11 bv22 ...c
w )t =

au(1+kw
0 +k2w

0 +...+k
(t−1)w
0 )b

v1(1+kw
1 +k2w

1 +...+k
(t−1)w
1 )

1 ...ctw

I o(cw ) divides o(aubv11 bv22 ...c
w ).

I o(cw ) is a power of 2. Therefore, if w 6= 0, then o(cw )
is even, so |CG (aubv11 bv22 ...c

w )| is even and Γ(G ) is
Eulerian.
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Further research

Semidirect products (continued)

I G ∼= Z2mr o Z2n , where r = pe11 pe22 ... for distinct odd
primes p1, p2, ... and positive integers e1, e2, ...

I G ∼= 〈a, b1, b2, ..., c |a2
m

= b
p
ei
i

i = c2
n

= 1, bia =

abi , bjbi = bibj , ca = ak0c , cbi = bkii c〉
I o(aubv11 bv22 ...c

w ) divides |CG (aubv11 bv22 ...c
w )|

I (aubv11 bv22 ...c
w )t =

au(1+kw
0 +k2w

0 +...+k
(t−1)w
0 )b

v1(1+kw
1 +k2w

1 +...+k
(t−1)w
1 )

1 ...ctw

I o(cw ) divides o(aubv11 bv22 ...c
w ).

I o(cw ) is a power of 2. Therefore, if w 6= 0, then o(cw )
is even, so |CG (aubv11 bv22 ...c

w )| is even and Γ(G ) is
Eulerian.
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Further research

Semidirect products (continued)

I If w = 0, then o(au) divides o(aubv11 bv22 ...).

I o(au) is a power of 2. Therefore, if u 6= 0, then o(au) is
even, so |CG (aubv11 bv22 ...)| is even and Γ(G ) is Eulerian.

I If u = 0, then o(bv11 bv22 ...) is odd. However,
CG (bv11 bv22 ...) ≥ 〈a, b1, b2, ...〉, so |CG (bv11 bv22 ...)| is even
and Γ(G ) is Eulerian.

I Therefore, Γ(G ) is Eulerian.

I Γ(Z2m o Z2n) is Eulerian for all positive integers m and
n.
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Further research

Semidirect products (continued)

I If w = 0, then o(au) divides o(aubv11 bv22 ...).

I o(au) is a power of 2. Therefore, if u 6= 0, then o(au) is
even, so |CG (aubv11 bv22 ...)| is even and Γ(G ) is Eulerian.

I If u = 0, then o(bv11 bv22 ...) is odd. However,
CG (bv11 bv22 ...) ≥ 〈a, b1, b2, ...〉, so |CG (bv11 bv22 ...)| is even
and Γ(G ) is Eulerian.

I Therefore, Γ(G ) is Eulerian.

I Γ(Z2m o Z2n) is Eulerian for all positive integers m and
n.
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Further research

Semidirect products (continued)

I If w = 0, then o(au) divides o(aubv11 bv22 ...).

I o(au) is a power of 2. Therefore, if u 6= 0, then o(au) is
even, so |CG (aubv11 bv22 ...)| is even and Γ(G ) is Eulerian.

I If u = 0, then o(bv11 bv22 ...) is odd. However,
CG (bv11 bv22 ...) ≥ 〈a, b1, b2, ...〉, so |CG (bv11 bv22 ...)| is even
and Γ(G ) is Eulerian.

I Therefore, Γ(G ) is Eulerian.

I Γ(Z2m o Z2n) is Eulerian for all positive integers m and
n.
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Further research

Semidirect products (continued)

I If w = 0, then o(au) divides o(aubv11 bv22 ...).

I o(au) is a power of 2. Therefore, if u 6= 0, then o(au) is
even, so |CG (aubv11 bv22 ...)| is even and Γ(G ) is Eulerian.

I If u = 0, then o(bv11 bv22 ...) is odd. However,
CG (bv11 bv22 ...) ≥ 〈a, b1, b2, ...〉, so |CG (bv11 bv22 ...)| is even
and Γ(G ) is Eulerian.

I Therefore, Γ(G ) is Eulerian.

I Γ(Z2m o Z2n) is Eulerian for all positive integers m and
n.
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Further research

Semidirect products (continued)

I If w = 0, then o(au) divides o(aubv11 bv22 ...).

I o(au) is a power of 2. Therefore, if u 6= 0, then o(au) is
even, so |CG (aubv11 bv22 ...)| is even and Γ(G ) is Eulerian.

I If u = 0, then o(bv11 bv22 ...) is odd. However,
CG (bv11 bv22 ...) ≥ 〈a, b1, b2, ...〉, so |CG (bv11 bv22 ...)| is even
and Γ(G ) is Eulerian.

I Therefore, Γ(G ) is Eulerian.

I Γ(Z2m o Z2n) is Eulerian for all positive integers m and
n.
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Further research

Semidirect products (continued)

I G ∼= Z2rm o Z2n, where m = pe11 pe22 ... for distinct odd
primes p1, p2, ... and positive integers e1, e2, ... and
n = qf11 q

f2
2 ... for distinct odd primes q1, q2, ... and

positive integers f1, f2, ...

I G ∼= 〈a, b1, b2, ..., c |a2
r

= b
p
ei
i

i = c2n = 1, bia =

abi , bjbi = bibj , ca = ak0c , cbi = bkii c〉
I o(k0) divides 2r and 2n, so o(k0) = 1, 2.

I If o(k0) = 1, then k0 = 1, so
Z2rm o Z2n

∼= Z2r × (Zm o Z2n) and Γ(G ) is Eulerian.

I Now, let o(k0) = 2.

I Define ug =
∏

o
p
ei
i
(ki )=g

peii for all g |2n, except

u2 = 2r
∏

o
p
ei
i
(ki )=2

peii .
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Further research

Semidirect products (continued)

I G ∼= Z2rm o Z2n, where m = pe11 pe22 ... for distinct odd
primes p1, p2, ... and positive integers e1, e2, ... and
n = qf11 q

f2
2 ... for distinct odd primes q1, q2, ... and

positive integers f1, f2, ...

I G ∼= 〈a, b1, b2, ..., c |a2
r

= b
p
ei
i

i = c2n = 1, bia =

abi , bjbi = bibj , ca = ak0c , cbi = bkii c〉

I o(k0) divides 2r and 2n, so o(k0) = 1, 2.

I If o(k0) = 1, then k0 = 1, so
Z2rm o Z2n

∼= Z2r × (Zm o Z2n) and Γ(G ) is Eulerian.

I Now, let o(k0) = 2.

I Define ug =
∏

o
p
ei
i
(ki )=g

peii for all g |2n, except

u2 = 2r
∏

o
p
ei
i
(ki )=2

peii .
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Further research

Semidirect products (continued)

I G ∼= Z2rm o Z2n, where m = pe11 pe22 ... for distinct odd
primes p1, p2, ... and positive integers e1, e2, ... and
n = qf11 q

f2
2 ... for distinct odd primes q1, q2, ... and

positive integers f1, f2, ...

I G ∼= 〈a, b1, b2, ..., c |a2
r

= b
p
ei
i

i = c2n = 1, bia =

abi , bjbi = bibj , ca = ak0c , cbi = bkii c〉
I o(k0) divides 2r and 2n, so o(k0) = 1, 2.

I If o(k0) = 1, then k0 = 1, so
Z2rm o Z2n

∼= Z2r × (Zm o Z2n) and Γ(G ) is Eulerian.

I Now, let o(k0) = 2.

I Define ug =
∏

o
p
ei
i
(ki )=g

peii for all g |2n, except

u2 = 2r
∏

o
p
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i
(ki )=2

peii .
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Further research

Semidirect products (continued)

I G ∼= Z2rm o Z2n, where m = pe11 pe22 ... for distinct odd
primes p1, p2, ... and positive integers e1, e2, ... and
n = qf11 q

f2
2 ... for distinct odd primes q1, q2, ... and

positive integers f1, f2, ...

I G ∼= 〈a, b1, b2, ..., c |a2
r

= b
p
ei
i

i = c2n = 1, bia =

abi , bjbi = bibj , ca = ak0c , cbi = bkii c〉
I o(k0) divides 2r and 2n, so o(k0) = 1, 2.

I If o(k0) = 1, then k0 = 1, so
Z2rm o Z2n

∼= Z2r × (Zm o Z2n) and Γ(G ) is Eulerian.

I Now, let o(k0) = 2.

I Define ug =
∏

o
p
ei
i
(ki )=g

peii for all g |2n, except

u2 = 2r
∏

o
p
ei
i
(ki )=2

peii .
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Further research

Semidirect products (continued)

I G ∼= Z2rm o Z2n, where m = pe11 pe22 ... for distinct odd
primes p1, p2, ... and positive integers e1, e2, ... and
n = qf11 q

f2
2 ... for distinct odd primes q1, q2, ... and

positive integers f1, f2, ...

I G ∼= 〈a, b1, b2, ..., c |a2
r

= b
p
ei
i

i = c2n = 1, bia =

abi , bjbi = bibj , ca = ak0c , cbi = bkii c〉
I o(k0) divides 2r and 2n, so o(k0) = 1, 2.

I If o(k0) = 1, then k0 = 1, so
Z2rm o Z2n

∼= Z2r × (Zm o Z2n) and Γ(G ) is Eulerian.

I Now, let o(k0) = 2.

I Define ug =
∏

o
p
ei
i
(ki )=g

peii for all g |2n, except

u2 = 2r
∏

o
p
ei
i
(ki )=2

peii .
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Further research

Semidirect products (continued)

I G ∼= Z2rm o Z2n, where m = pe11 pe22 ... for distinct odd
primes p1, p2, ... and positive integers e1, e2, ... and
n = qf11 q

f2
2 ... for distinct odd primes q1, q2, ... and

positive integers f1, f2, ...

I G ∼= 〈a, b1, b2, ..., c |a2
r

= b
p
ei
i

i = c2n = 1, bia =

abi , bjbi = bibj , ca = ak0c , cbi = bkii c〉
I o(k0) divides 2r and 2n, so o(k0) = 1, 2.

I If o(k0) = 1, then k0 = 1, so
Z2rm o Z2n

∼= Z2r × (Zm o Z2n) and Γ(G ) is Eulerian.

I Now, let o(k0) = 2.

I Define ug =
∏

o
p
ei
i
(ki )=g

peii for all g |2n, except

u2 = 2r
∏

o
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i
(ki )=2

peii .
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Further research

Semidirect products (continued)

I G ∼= Zu1 × (Z 2r m
u1

o Z2n), so if H = Z 2r m
u1

o Z2n, then

Γ(G ) is Eulerian if and only if Γ(H) is Eulerian.

I H ∼= 〈ag , b|a
ug
g = b2n = 1, ahag = agah, bag = a

lg
g b〉,

where g takes all values satisfying g |2n except 1 and
oug (lg ) = g

I γ =

 ∏
i |2n,i 6=1

axii

 by and γ′ =

 ∏
i |2n,i 6=1

a
x ′i
i

 by
′

commute if and only if xg (ly
′

g − 1) ≡ x ′g (lyg − 1)
mod ug for all g |2n, g 6= 1.
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Further research

Semidirect products (continued)

I G ∼= Zu1 × (Z 2r m
u1

o Z2n), so if H = Z 2r m
u1

o Z2n, then

Γ(G ) is Eulerian if and only if Γ(H) is Eulerian.

I H ∼= 〈ag , b|a
ug
g = b2n = 1, ahag = agah, bag = a

lg
g b〉,

where g takes all values satisfying g |2n except 1 and
oug (lg ) = g

I γ =

 ∏
i |2n,i 6=1

axii

 by and γ′ =
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i |2n,i 6=1

a
x ′i
i

 by
′

commute if and only if xg (ly
′

g − 1) ≡ x ′g (lyg − 1)
mod ug for all g |2n, g 6= 1.
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Further research

Semidirect products (continued)

I G ∼= Zu1 × (Z 2r m
u1

o Z2n), so if H = Z 2r m
u1

o Z2n, then

Γ(G ) is Eulerian if and only if Γ(H) is Eulerian.

I H ∼= 〈ag , b|a
ug
g = b2n = 1, ahag = agah, bag = a

lg
g b〉,

where g takes all values satisfying g |2n except 1 and
oug (lg ) = g

I γ =

 ∏
i |2n,i 6=1

axii

 by and γ′ =

 ∏
i |2n,i 6=1

a
x ′i
i

 by
′

commute if and only if xg (ly
′

g − 1) ≡ x ′g (lyg − 1)
mod ug for all g |2n, g 6= 1.
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Further research

Semidirect products (continued)
I If y is even, then either y ′ is even or u2

gcd(l2−1,u2) divides
x2.

I If y ′ is even, then there are no restrictions on x ′2. There
are n ways to choose y ′ and u2 ways to choose x ′2, so
u2n divides |CG (γ)| and |CG (γ)| is even.

I If u2
gcd(l2−1,u2) divides x2, then all choices of x ′2 commute

with x2, so u2 divides |CG (γ)| and |CG (γ)| is even.

I If y is odd, then x ′2 ≡ x2

(
ly
′

2 −1
gcd(l2−1,u2)

)(
l2−1

gcd(l2−1,u2)

)−1
mod u2

gcd(l2−1,u2) , so for any choice of y ′ there are

gcd(l2 − 1, u2) choices for x2 and gcd(l2 − 1, u2) divides
|CG (γ)|.

I Because l22 ≡ 1 mod u2 and u2 is even, l2 is odd, so
gcd(l2 − 1, u2) is even and |CG (γ)| is even.

I Therefore, Γ(G ) is Eulerian.
I Therefore, Γ(Z2m o Z2n) is Eulerian for all positive

integers m and odd positive integers n.
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Further research

Semidirect products (continued)
I If y is even, then either y ′ is even or u2

gcd(l2−1,u2) divides
x2.

I If y ′ is even, then there are no restrictions on x ′2. There
are n ways to choose y ′ and u2 ways to choose x ′2, so
u2n divides |CG (γ)| and |CG (γ)| is even.

I If u2
gcd(l2−1,u2) divides x2, then all choices of x ′2 commute

with x2, so u2 divides |CG (γ)| and |CG (γ)| is even.

I If y is odd, then x ′2 ≡ x2

(
ly
′

2 −1
gcd(l2−1,u2)

)(
l2−1

gcd(l2−1,u2)

)−1
mod u2

gcd(l2−1,u2) , so for any choice of y ′ there are

gcd(l2 − 1, u2) choices for x2 and gcd(l2 − 1, u2) divides
|CG (γ)|.

I Because l22 ≡ 1 mod u2 and u2 is even, l2 is odd, so
gcd(l2 − 1, u2) is even and |CG (γ)| is even.

I Therefore, Γ(G ) is Eulerian.
I Therefore, Γ(Z2m o Z2n) is Eulerian for all positive

integers m and odd positive integers n.
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Further research

Semidirect products (continued)
I If y is even, then either y ′ is even or u2

gcd(l2−1,u2) divides
x2.

I If y ′ is even, then there are no restrictions on x ′2. There
are n ways to choose y ′ and u2 ways to choose x ′2, so
u2n divides |CG (γ)| and |CG (γ)| is even.

I If u2
gcd(l2−1,u2) divides x2, then all choices of x ′2 commute

with x2, so u2 divides |CG (γ)| and |CG (γ)| is even.

I If y is odd, then x ′2 ≡ x2

(
ly
′

2 −1
gcd(l2−1,u2)

)(
l2−1

gcd(l2−1,u2)

)−1
mod u2

gcd(l2−1,u2) , so for any choice of y ′ there are

gcd(l2 − 1, u2) choices for x2 and gcd(l2 − 1, u2) divides
|CG (γ)|.

I Because l22 ≡ 1 mod u2 and u2 is even, l2 is odd, so
gcd(l2 − 1, u2) is even and |CG (γ)| is even.

I Therefore, Γ(G ) is Eulerian.
I Therefore, Γ(Z2m o Z2n) is Eulerian for all positive

integers m and odd positive integers n.
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Further research

Semidirect products (continued)
I If y is even, then either y ′ is even or u2

gcd(l2−1,u2) divides
x2.

I If y ′ is even, then there are no restrictions on x ′2. There
are n ways to choose y ′ and u2 ways to choose x ′2, so
u2n divides |CG (γ)| and |CG (γ)| is even.

I If u2
gcd(l2−1,u2) divides x2, then all choices of x ′2 commute

with x2, so u2 divides |CG (γ)| and |CG (γ)| is even.

I If y is odd, then x ′2 ≡ x2

(
ly
′

2 −1
gcd(l2−1,u2)

)(
l2−1

gcd(l2−1,u2)

)−1
mod u2

gcd(l2−1,u2) , so for any choice of y ′ there are

gcd(l2 − 1, u2) choices for x2 and gcd(l2 − 1, u2) divides
|CG (γ)|.

I Because l22 ≡ 1 mod u2 and u2 is even, l2 is odd, so
gcd(l2 − 1, u2) is even and |CG (γ)| is even.

I Therefore, Γ(G ) is Eulerian.
I Therefore, Γ(Z2m o Z2n) is Eulerian for all positive

integers m and odd positive integers n.
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Semidirect products (continued)
I If y is even, then either y ′ is even or u2

gcd(l2−1,u2) divides
x2.

I If y ′ is even, then there are no restrictions on x ′2. There
are n ways to choose y ′ and u2 ways to choose x ′2, so
u2n divides |CG (γ)| and |CG (γ)| is even.

I If u2
gcd(l2−1,u2) divides x2, then all choices of x ′2 commute

with x2, so u2 divides |CG (γ)| and |CG (γ)| is even.

I If y is odd, then x ′2 ≡ x2

(
ly
′

2 −1
gcd(l2−1,u2)

)(
l2−1

gcd(l2−1,u2)

)−1
mod u2

gcd(l2−1,u2) , so for any choice of y ′ there are

gcd(l2 − 1, u2) choices for x2 and gcd(l2 − 1, u2) divides
|CG (γ)|.

I Because l22 ≡ 1 mod u2 and u2 is even, l2 is odd, so
gcd(l2 − 1, u2) is even and |CG (γ)| is even.

I Therefore, Γ(G ) is Eulerian.
I Therefore, Γ(Z2m o Z2n) is Eulerian for all positive

integers m and odd positive integers n.



Eulerian
non-commuting

graphs

Gerhardt Hinkle

Introduction

Groups with a
particular order

Direct products

Symmetric group

Dihedral group

Semidirect
products

Path Eulerian
non-commuting
graphs

Further research

Semidirect products (continued)
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Semidirect products (continued)
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Path Eulerian non-commuting graphs

I Out of all groups that have been considered so far, the
only one that has had a path Eulerian non-commuting
graph is S3 ∼= D6. I conjecture that there is no other
group G for which Γ(G ) is path Eulerian.

I CG (x) ≥ 〈x〉, so there must exist an element x ∈ G
with o(x) = 3. Then we must have |CG (x)| and
|CG (x2)| both be odd.

I For any g ∈ G , CG (gxg−1) = gCG (x)g−1. Suppose
y = gxg−1, y 6= x , x2. Then, CG (y) = gCG (x)g−1.
However, this gives |CG (y)| = |CG (x)|, so |CG (y)| is
odd, a contradiction. Therefore, [x ] = {x , x2}.

I |CG (x)| = |G |
|[x]| = |G |

2 , so CG (x) / G .

I CG (x) = CG (x2)

I |G | is even, so there exists a t ∈ G with o(t) = 2.

I G ∼= CG (x) o Z2
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Path Eulerian non-commuting graphs (continued)

I Suppose there exists a z ∈ CG (x) with z 6= 1, x , x2.

I Because Γ(G ) is path Eulerian, |CG (z)| must be even.
Therefore, there exists a u ∈ CG (z) with o(u) = 2.

I If u ∈ CG (x), then |CG (x)| is even, a contradiction.
Therefore, u = ht with h ∈ CG (x).

I 1 = (ht)2 = htht = hh′t2 = hh′, so h′ = h−1 and
th = h−1t.

I Because [x ] = {x , x2} = {x , x−1}, txt−1 = x−1, so
tx = x−1t.
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Path Eulerian non-commuting graphs (continued)
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Path Eulerian non-commuting graphs (continued)
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Path Eulerian non-commuting graphs (continued)
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Path Eulerian non-commuting graphs (continued)

I Suppose there exists a z ∈ CG (x) with z 6= 1, x , x2.

I Because Γ(G ) is path Eulerian, |CG (z)| must be even.
Therefore, there exists a u ∈ CG (z) with o(u) = 2.

I If u ∈ CG (x), then |CG (x)| is even, a contradiction.
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Further research

I Γ(Zm o Zn) for more m and n

I Γ(G o H) for other groups G and H

I Complete the proof that S3 ∼= D6 is the only group for
which Γ(G ) is path Eulerian



Eulerian
non-commuting

graphs

Gerhardt Hinkle

Introduction

Groups with a
particular order

Direct products

Symmetric group

Dihedral group

Semidirect
products

Path Eulerian
non-commuting
graphs

Further research

Further research

I Γ(Zm o Zn) for more m and n

I Γ(G o H) for other groups G and H

I Complete the proof that S3 ∼= D6 is the only group for
which Γ(G ) is path Eulerian



Eulerian
non-commuting

graphs

Gerhardt Hinkle

Introduction

Groups with a
particular order

Direct products

Symmetric group

Dihedral group

Semidirect
products

Path Eulerian
non-commuting
graphs

Further research

Further research

I Γ(Zm o Zn) for more m and n

I Γ(G o H) for other groups G and H

I Complete the proof that S3 ∼= D6 is the only group for
which Γ(G ) is path Eulerian


	Introduction
	Groups with a particular order
	Direct products
	Symmetric group
	Dihedral group
	Semidirect products
	Path Eulerian non-commuting graphs
	Further research

