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f(xy) = f(x)f(y) for all x,y € G.

» The set of automorphisms of G forms a group under
function composition. The automorphism group of G is
written Aut(G).

» The inner automorphism group of G, written Inn(G), is
the group of automorphisms of the form fz(x) = gxg !
for a fixed g € G.

» The center of G, written Z(G), comprises those
elements of G that commute with every element of G.

» Inn(G) = G/Z(G)

» G/Z(G) is the group of left cosets of Z(G) in G (i.e.
sets of the form gZ(G) for some g € G). It can also be
thought of as taking G and setting every element of
Z(G) equal to the identity element e.

Automorphisms



Automorphisms

>

For a group G, an automorphism of G is a function

f . G — G that is bijective and satisfies

f(xy) = f(x)f(y) for all x,y € G.

The set of automorphisms of G forms a group under
function composition. The automorphism group of G is
written Aut(G).

The inner automorphism group of G, written Inn(G), is
the group of automorphisms of the form fz(x) = gxg !
for a fixed g € G.

The center of G, written Z(G), comprises those
elements of G that commute with every element of G.

» Inn(G) = G/Z(G)
» G/Z(G) is the group of left cosets of Z(G) in G (i.e.

v

sets of the form gZ(G) for some g € G). It can also be
thought of as taking G and setting every element of
Z(G) equal to the identity element e.

|Inn(G)| divides |Aut(G)| and |G].
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» For a positive integer n, the cyclic group of order n,
written Z,, is the group of order n generated by one Automorphisms
element. It is isomorphic to the group of the integers

under addition mod n.

Zn = (ala" =1)

Aut(Zp) = Z), where Z) is the group of the integers
relatively prime to n under multiplication mod n.

|Aut(Zn)| = ¢(n)

¢(n) is Euler's totient function, which gives the number
of positive integers less than or equal to n that are
relatively prime to n.
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finite abelian group is isomorphic to the direct product
of some number of cyclic groups.
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For a positive integer n, the cyclic group of order n,
written Z,, is the group of order n generated by one Automorphisms
element. It is isomorphic to the group of the integers
under addition mod n.

Zn = (ala" =1)
Aut(Zp) = Z), where Z) is the group of the integers
relatively prime to n under multiplication mod n.

|Aut(Zn)| = ¢(n)

¢(n) is Euler's totient function, which gives the number
of positive integers less than or equal to n that are
relatively prime to n.

Fundamental theorem of finite abelian groups: Every
finite abelian group is isomorphic to the direct product
of some number of cyclic groups.

If gcd(m, n) =1, then Zmp = Zm X Zn.
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d(G) = -1
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Original problem

» For a group G, define d(G) = |Aut(G)| — |G|. Prove
that d(G) = 0 occurs infinitely often, prove that
d(G) = 1 never occurs, and characterize when
d(G) = -1

» If n#2,6, then Aut(S,) = S,. Therefore, d(S,) =0
for all n # 2,6.
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> d(G) = |Aut(G)| - |G| = +1




Original problem (continued) Automorphism

groups

Gerhardt Hinkle

> d(G) = |Aut(G)| _ |G’ 1 Original problem

» Because |Inn(G)| divides |Aut(G)| and |G|, it must
divide +1, so |Inn(G)| = 1. Therefore, |G| = |Z(G)|, so
G is abelian.
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» Because |Inn(G)| divides |Aut(G)| and |G|, it must

divide +1, so |Inn(G)| = 1. Therefore, |G| = |Z(G)|, so
G is abelian.
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d(G) = |Aut(G)| — |G| = £1
Because |/Inn(G)| divides |Aut(G)| and |G|, it must

divide +1, so |Inn(G)| = 1. Therefore, |G| = |Z(G)|, so
G is abelian.

v
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Aut(G) > Aut(Zpiﬁ) X Aut(szaz) X ... X Aut(szk)
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d(G) = |Aut(G)| — |G| = £1
Because |/Inn(G)| divides |Aut(G)| and |G|, it must

divide +1, so |Inn(G)| = 1. Therefore, |G| = |Z(G)|, so
G is abelian.
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Py [ox Py
Aut(G) > Aut(Zpiﬁ) X Aut(szaz) X ... X Aut(szk)
Aut(Z,5)| = 2 (pi — 1)
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d(G) = |Aut(G)| — |G| = £1

Because |/Inn(G)| divides |Aut(G)| and |G|, it must
divide +1, so |Inn(G)| = 1. Therefore, |G| = |Z(G)|, so
G is abelian.

G=7Z a1 XZ32 X...XZak
Py Py Py
Aut(G) > Aut(Zpiﬁ) X Aut(szaz) X ... X Aut(szk)

Aut(Z,)| = PP~ (pr — 1)
> 31:a2:...:ak:1
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> d(G) = |Aut(G)| - |G| = +1

v

Because |/Inn(G)| divides |Aut(G)| and |G|, it must
divide +1, so |Inn(G)| = 1. Therefore, |G| = |Z(G)|, so
G is abelian.

v

G%Zpil XZP2«32 X .. XZPZk

Aut(G) > Aut(Zpil) X Aut(Zp2a2) X .. X Aut(szk)
|Aut(Z,)] = pP (pi — 1)

> ap=a=..=a,=1

G = Zpy X Lpy X oo X Lp,
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> |Aut(Zp x Zp)| = (p? — 1)(p? — p)
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> |Aut(Zp x Zp)| = (p* = 1)(P* — p)
» Then, p divides |Aut(G)| and |G|, a contradiction.
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> Suppose G 2 ZP X Zp Original problem
> |Aut(Zp x Zp)| = (p* = 1)(P* — p)
» Then, p divides |Aut(G)| and |G|, a contradiction.
| 2

Therefore, G = Zp, X Zp, X ... X Zp, for distinct primes
P1, P2, -5 Pk-
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What if two of the primes are the same?

» Suppose G > Zp X Zp. g prellam
> |Aut(Zp x Zp)| = (p* = 1)(P* — p)
» Then, p divides |Aut(G)| and |G|, a contradiction.
» Therefore, G = Zp, X Zp, X ... X Zp, for distinct primes
P1,P2; -5 Pk-
> |G| = p1p2...px and

|Aut(G)| = (p1 — 1)(p2 — 1)...(px — 1)
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Then, p divides |Aut(G)| and |G|, a contradiction.

Therefore, G = Zp, X Zp, X ... X Zp, for distinct primes
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> |G| = p1p2...pk and
|Aut(G)| = (p1 — 1)(p2 — 1)...(Px — 1)
> |Aut(G)| < |G|, so |Aut(G)| — |G| =1 is impossible.
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» What if two of the primes are the same?
> Suppose G 2 ZP % Zp Original problem
> |Aut(Zp x Zp)| = (p* = 1)(P* — p)
» Then, p divides |Aut(G)| and |G|, a contradiction.
» Therefore, G = Zp, X Zp, X ... X Zp, for distinct primes
P1, P2, -5 Pk-
> |G| = p1p2...pk and
|Aut(G)| = (p1 — 1)(p2 — 1)...(Px — 1)
> |Aut(G)| < |G|, so |Aut(G)| — |G| =1 is impossible.
> If (p1 —1)(p2 —1)...(pxk — 1) — p1p2...px = —1, then
k=1.

» Therefore, d(G) =1 is impossible, and d(G) = —1 if
and only if G = Z, for some prime p.
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» What groups give d(G) = +p?
» What groups give d(G) = +p??
» What values of d(G) are possible?
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> d(G) = |Aut(G)| — |G| = £p
> |Inn(G)| =1,p
» The only group of order p is Zj, but it is impossible for
G/Z(G) to be a nontrivial cyclic group.
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> d(G) = [Aut(G)| — |G| = +p
> |Inn(G)| =1,p
» The only group of order p is Zj, but it is impossible for Prime difference

G/Z(G) to be a nontrivial cyclic group.
Therefore, |Inn(G)| =1, so G is abelian.
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> d(G) = |Aut(G)| - G| = £p

> |Inn(G)| =1,p

» The only group of order p is Zj, but it is impossible for
G/Z(G) to be a nontrivial cyclic group.

» Therefore, |Inn(G)| =1, so G is abelian.

» By a similar argument to the d(G) = £1 case, all prime

factors must be distinct and have exponent 1, except

that there could be either two ps or one p? (but not
both).
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> |Inn(G)| =1,p
» The only group of order p is Zj, but it is impossible for
G/Z(G) to be a nontrivial cyclic group.

Inn(G)| =1, so G is abelian.

» By a similar argument to the d(G) = £1 case, all prime
factors must be distinct and have exponent 1, except
that there could be either two ps or one p? (but not
both).

» Possible cases: (g1, g2, ...qk distinct primes not equal to
P)
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» Therefore,
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> [Inn(G)] =1,p
» The only group of order p is Zj, but it is impossible for
G/Z(G) to be a nontrivial cyclic group.
Inn(G)| =1, so G is abelian.

» By a similar argument to the d(G) = £1 case, all prime
factors must be distinct and have exponent 1, except
that there could be either two ps or one p? (but not
both).

» Possible cases: (g1, g2, ...qk distinct primes not equal to
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> G =g X Lg, X ... X L,
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G/Z(G) to be a nontrivial cyclic group.
Inn(G)| =1, so G is abelian.

» By a similar argument to the d(G) = £1 case, all prime
factors must be distinct and have exponent 1, except
that there could be either two ps or one p? (but not
both).

» Possible cases: (g1, g2, ...qk distinct primes not equal to
P)

> G=Zg X Lgy, X ... X Lg,
> G=Zp X Lgy X Lgy X ... X L,

Prime difference

» Therefore,




Automorphism

Prime difference aroupe

Gerhardt Hinkle
> d(G) = |Aut(G)| - G| = £p
> |Inn(G)| =1,p
» The only group of order p is Zj, but it is impossible for
G/Z(G) to be a nontrivial cyclic group.
Inn(G)| =1, so G is abelian.

» By a similar argument to the d(G) = £1 case, all prime
factors must be distinct and have exponent 1, except
that there could be either two ps or one p? (but not
both).

» Possible cases: (g1, g2, ...qk distinct primes not equal to
P)

> G=Zg X Lgy, X ... X Lg,
> G=Zp X Lgy X Lgy X ... X L,
> G2 Ly X Lg, X Ligy, X ... X Lg,
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> d(G) = [Aut(G)| — |G| = +p
> |Inn(G)| =1,p
» The only group of order p is Zj, but it is impossible for
G/Z(G) to be a nontrivial cyclic group.

Inn(G)| =1, so G is abelian.

» By a similar argument to the d(G) = £1 case, all prime
factors must be distinct and have exponent 1, except
that there could be either two ps or one p? (but not
both).

» Possible cases: (g1, g2, ...qk distinct primes not equal to
P)

Prime difference

» Therefore,

G = Zg, X Ligy, X ... X Lg,

G=2Zp X Lg X Ligy, X ... X Lg,
G2 Zp X Ligy X gy, X ... X Lg,
G=2Zp X Lp X Lg X Lgy X ... X L,
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> G=Zg X Lgy X ... X Lg,
> (ql - 1)(Cl2 - 1)(Qk — ]_) — q1G2...qk = £p riginal probler
Prime difference
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> G=Zg X Lgy X ... X Lg,
» (g1 —1)(g2 —1)..(gk — 1) — q1q2...qk = £p
» (g1 —1)(g2 —1)...(gk — 1) — q1q2...qk = —p
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> (ql - 1)(q2 - 1)(Qk - 1) —q1qQ2...qx = :I:p
> (q1 — 1)(6]2 — 1)(CI/< — ]_) — q1G2...qk = —p Prime difference
» There is no general form for the solutions, although

they appear to exist for all p.
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> G=Zg X Lgy X ... X Lg,

> (g1 —1)(q2 —1)...(qk — 1) — q1G2...qx = £p
> (g1 —1)(q2—1)...(qk — 1) — q1G2.-.qk = —p brime stume
» There is no general form for the solutions, although
they appear to exist for all p.
» k=2 q+q=p+1
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> (g1 —1)(q2 —1)...(qk — 1) — q1G2...qx = £p
> (q]_ _ 1)(q2 _ 1)...(qk _ 1) _ q1q2...qk — _p Prime difference
» There is no general form for the solutions, although
they appear to exist for all p.
» k=2 q+q=p+1
> Increasing any g; increases the magnitude of the

difference, so the lower bound for what values of p can
be obtained for a given k is
3:-5-7.c.-pky1—2-4-6-...-(pxk+1 —1). This can be
reversed to get an upper bound on k for a given p.
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> G=Zg X Lgy X ... X Lg,
> (g1 —1)(q2 —1)...(qk — 1) — q1G2...qx = £p
> (q]_ _ 1)(q2 _ 1)...(qk _ 1) _ q1q2...qk — _p Prime difference
» There is no general form for the solutions, although
they appear to exist for all p.
» k=2 q+q=p+1
> Increasing any g; increases the magnitude of the

difference, so the lower bound for what values of p can
be obtained for a given k is
3:-5-7.c.-pky1—2-4-6-...-(pxk+1 —1). This can be
reversed to get an upper bound on k for a given p.

> k=2 p>T7
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> G=Zg X Lgy X ... X Lg,
> (g1 —1)(q2 —1)...(qk — 1) — q1G2...qx = £p
> (q]_ _ 1)(q2 _ 1)...(qk _ 1) _ q1q2...qk — _p Prime difference
» There is no general form for the solutions, although
they appear to exist for all p.
» k=2 q+q=p+1
> Increasing any g; increases the magnitude of the

difference, so the lower bound for what values of p can
be obtained for a given k is
3:-5-7.c.-pky1—2-4-6-...-(pxk+1 —1). This can be
reversed to get an upper bound on k for a given p.

> k=2 p>T7

» k=3 p>57
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> G=Zg X Lgy X ... X Lg,
> (g1 —1)(q2 —1)...(qk — 1) — q1G2...qx = £p
> (q]_ _ 1)(q2 _ 1)...(qk _ 1) _ q1q2...qk — _p Prime difference
» There is no general form for the solutions, although
they appear to exist for all p.
» k=2 q+q=p+1
> Increasing any g; increases the magnitude of the

difference, so the lower bound for what values of p can
be obtained for a given k is
3:-5-7.c.-pky1—2-4-6-...-(pxk+1 —1). This can be
reversed to get an upper bound on k for a given p.

> k=2 p>T7

» k=3 p>57

> k=4: p> 675



Prime difference (continued)

> G=7p X Lg X Lgy X ... X Lg,

Automorphism
groups

Gerhardt Hinkle

Automorphisms

Original problem

Prime difference

Prime square
difference

Possible differences



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle

Prime difference

> G=Zp X Lgy X Ligy X ... X Lg,
>(P—l)(ql—l)(2—1) (k—l) P1q2...qk = +p
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> G=Zp X Lgy X Ligy X ... X Lg,
’(P—l)(ch—l)(z—l) (k—l)
> (p—1)(q1 = 1)(g2 —1)...(ak — 1) -
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Prime difference

Pg1G2...qx = £p
Pq1G2..-Gk = —p
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G=Zp X Lg, X Lgy X ... X Lg,
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Prime difference

(p—1)(q1 —1)(q2 = 1)...(qk — 1) — pq1G2...qk = £p
(p=1)(q1 —1)(q2 — 1)...(qk — 1) — Pq1q2...qk = —p
p(q192-..qk — (g1 — 1)(g2 — 1)...(gk — 1) = 1) + (a1 —

(g2 —=1)..(ax —1) =0
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Prime difference

> G=Zp X Lgy X Ligy X ... X Lg,

» (p—1)(q1 — 1)(q2 — 1)...(qk — 1) — pq1G2...qk = p
» (p—1)(q1 —1)(g2—1)...(qk — 1) — pq1G2...qk = —p
> p(q192--qk — (g1 — 1)(q2 — 1)...(qk — 1) = 1) + (q1 —

Both terms on the left side are positive, so there is no
solution.

v



Prime difference (continued)

> G =Ly X Lgy X Lgy X ... X Lg,

Automorphism
groups

Gerhardt Hinkle

Automorphisms

Original problem

Prime difference

Prime square
difference

Possible differences



Prime difference (continued)

> G =Ly X Lgy X Lgy X ..
> (P = p)(a1 —1)(q2 — 1)...

X qu
(gk — 1) — P*’q1qo...qx = £p

Automorphism
groups

Gerhardt Hinkle




Prime difference (continued)

> G =Ly X Lgy X Lgy X ... X Lg,
> (PP = p)(ar — (@2 — 1) — 1) — PPqrq2.qie = £p
> (p* = p)a —1)(2 = 1)-(ak — 1) = PPr.qk = —p

Automorphism
groups

Gerhardt Hinkle

Prime difference



Prime difference (continued)

v

v

v

v

G = sz X Lg, X gy X ... X Lq,

(P = p)(q1 — 1)(q2 — 1)...(qk — 1) — P*q1G2...qk = £p
(P = p)(q1 —1)(q2 — 1)...(qk — 1) — P*q1G2...qk = —p
(P=1)(qn —1)(g—2—-1)...(qk — 1) — Pq1q2...qx = —1

Automorphism
groups

Gerhardt Hinkle

Prime difference



Prime difference (continued)

v

v

v

v

v

G = sz X Lg, X gy X ... X Lq,

(P = p)(q1 — 1)(q2 — 1)...(qk — 1) — P*q1G2...qk = £p
(P = p)(q1 —1)(q2 — 1)...(qk — 1) — P*q1G2...qk = —p
(P=1)(qn —1)(g—2—-1)...(qk — 1) — Pq1q2...qx = —1
Only possible if k =0

Automorphism
groups

Gerhardt Hinkle

Prime difference



Prime difference (continued)

v

v

v

v

v

v

G=EZpp X Lgy X Lgy X ... X Lg,

(P> = p)(a1 — (g2 — 1)..(ak — 1) — PPq1G2...qk = £p
(P> = p)(a1 — (g2 — 1).-(ak — 1) — PPq1G2..qk = —p
(P=1)(qn —1)(g—2—-1)...(qk — 1) — Pq1q2...qx = —1
Only possible if k =0

G= sz

Automorphism
groups

Gerhardt Hinkle

Prime difference



Prime difference (continued)

> G = Zp X Lp X Lig X Ligy X ...

X ZQk

Automorphism
groups

Gerhardt Hinkle

Automorphisms

Original problem

Prime difference

Prime square
difference

Possible differences



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle

> G = Zp X Lp X Lg X Ligy X ... X Lg,

> (p2 - 1)(p2 _p)(q]_ - 1)(q2_ ]-)..-(qk - ]-) _p2q1q2.-qk = Prime difference
+p



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle

> G = Zp X Lp X Lg X Ligy X ... X Lg,

> (p2—1)(p2—p)(Q1_1)(q2_1)..-(qk—1)—p2Q1QQ.-qk = Prime difference
+p

> (PP=1)(p—1)(q1-1)(q2—1).-(qk—1)—pGr1q2...qk = *1



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle

> G = Zp X Lp X Lg X Ligy X ... X Lg,

> (p2—1)(p2—p)(Q1_1)(q2_1)..-(qk—1)—p2Q1QQ.-C]k - Prime difference
+p

> (PP-1)(p—1)(q1—1)(g2—1)...(qk—1)~pGigo-..qx = £1

» p = 2 has no solution, so p > 3.



Prime difference (continued) M
Gerhardt Hinkle
> G = Zp X Lp X Lg X Ligy X ... X Lg,
> (p2—1)(p2—p)(Q1_1)(q2_1)..-(qk—1)—p2Q1QQ.-C]k - Prime difference
+p
> (PP-1)(p—1)(q1—1)(g2—1)...(qk—1)~pGigo-..qx = £1

v

p = 2 has no solution, so p > 3.

f(p) =
PP=1(p-1(q1—1)(g2—1)--.( — 1) — pq1g2...q F 1

v



Prime difference (continued) M
Gerhardt Hinkle
> G = Zp X Lp X Lg X Ligy X ... X Lg,
> (pz—l)(pz—p)((h_l)(cb_1)..-(qk—1)—p2Q1QQ.-Qk - Prime difference
+p
> (PP-1)(p—1)(q1—1)(g2—1)...(qk—1)~pGigo-..qx = £1

v

p = 2 has no solution, so p > 3.

f(p) =

(P =1)(p-1)(q1—-1)(q2—1)...(qk — 1) — pqrG2-..q F 1
There are no solutions if £(3) > 0 and f’(p) > 0 for all
p=>3.

v

v



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle

> G = Zp X Lp X Lg X Ligy X ... X Lg,
> (pz—l)(pz—p)((h_l)(qZ_l).(qk—l)—p2Q1QQ.-Qk - Prime difference
+p

v

(P?=1)(p—1)(q1—1)(q2—1)-.(qk—1)—Pq1G2-..qx = £1
p = 2 has no solution, so p > 3.

f(p) =

(P =D)(p—1)(qr—1)(q2—1)..(qk —1) — pq1G2...qk F 1
There are no solutions if £(3) > 0 and f’(p) > 0 for all
p=>3.

There are no solutions if f(3) > 0, f(3) > 0, and

f"(p) > 0 for all p > 3.

v

v

v

v



Automorphism
groups

Prime difference (continued)
Gerhardt Hinkle

Automorphisms

Original problem

» f(3) =16(q1 —1)(g2 — 1)...(gk — 1) = 3q192...qk F 1




Automorphism

Prime difference (continued) pa

Gerhardt Hinkle

» £(3) =16(q1 — 1)(g2 —1)...(qk — 1) = 3q192...qxk F 1
> f/(3) O(ql - 1)(Q2 - 1)(qk — 1) — Q1Q2---Qk Prime difference



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle

» f(3)=16(q1 —1)(q2 — 1)...(gk — 1) = 3q1q2...qx F 1
» /(3) =20(q1 — 1)(g2 — 1)...(gk — 1) — q192.-.q« il
» "(p) = (6p —2)(q1 — 1)(q2 — 1)...(qx — 1)



Prime difference (continued)

v

v

v

v

Automorphism
groups

Gerhardt Hinkle

f(3) =16(q1 —1)(q2 — 1)-..(qk — 1) — 3quq2-..qk F 1
f'(3) =20(q1 — 1)(q2 — 1)...(qk — 1) — q192-..qk Ph st
p) = (6p —2)(q1 —1)(g2 — 1)...(qx — 1)

fl/(
f‘//(

p) > 0 for all p > 3 always holds.



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle

» £(3) =16(q1 — 1)(g2 — 1)...(qk — 1) — 3q1G2...qk F 1

» /(3) =20(q1 — 1)(g2 — 1)-..(gxk — 1) — 1G2---G«k prime diference
> f(p) = (6p —2)(q1 — 1)(g2 — 1)...(qx — 1)

» (p) > 0 for all p > 3 always holds.

» No solutions if
16(g1 — 1)(g2 — 1)...(gx — 1) — 3g1g2...qx > 0, unless
16(g1 — 1)(g2 —1)...(gk — 1) — 3¢1g2...gx = 1, in which
case d(G)=pand p=3



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle

» £(3) =16(q1 — 1)(g2 — 1)...(qk — 1) — 3q1G2...qk F 1

» /(3) =20(q1 — 1)(g2 — 1)-..(gxk — 1) — 1G2---G«k prime diference
> f(p) = (6p —2)(q1 — 1)(g2 — 1)...(qx — 1)

» (p) > 0 for all p > 3 always holds.

> No solutions if
16(g1 — 1)(g2 — 1)...(gx — 1) — 3g1g2...qx > 0, unless
16(g1 —1)(g2 — 1)...(gk — 1) — 3q1G2...qx = 1, in which
case d(G)=pand p=3

» 1f 16(g1 — 1)(g2 — 1)...(gx — 1) — 391G2...qx > 0, then
20(q1 — 1)(q2 — 1)~--(qk — 1) — g1g2...qx > 0.



Automorphism

Prime difference (continued) pa
Gerhardt Hinkle
» There are only solutions if
16(q1 —1)(g2 —1)...(qk — 1) = 3q1G2...qx < 0
(excluding the one previously-mentioned exception).

Prime difference



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle
» There are only solutions if

16(q1 —1)(g2 —1)...(qk — 1) = 3q1G2...qx < 0
(excluding the one previously-mentioned exception).

_ l . l o i i Prime difference
> (1 q1> (1 qz)... (1 qk) <3



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle
» There are only solutions if

16(q1 —1)(g2 —1)...(qk — 1) = 3q1G2...qx < 0
(excluding the one previously-mentioned exception).

_ l . l o i i Prime difference
> (1 q1> (1 qz)... (1 qk) <3

» If g3 = 2,3, then there are no solutions.



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle
» There are only solutions if

16(q1 —1)(g2 —1)...(qk — 1) = 3q1G2...qx < 0
(excluding the one previously-mentioned exception).

_ l . l o i i Prime difference
> <1 ql) (1 qz)... (1 qk) <3

» If g3 = 2,3, then there are no solutions.

> Minimum value when g1 =5, g2 =7, ..., gk = Pkyt2,
where pyo is the (k + 2)th prime



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle
» There are only solutions if

16(q1 —1)(g2 —1)...(qk — 1) = 3q1G2...qx < 0
(excluding the one previously-mentioned exception).

1 1 1 3 Prime difference
(175) (175)...(%%) <3

If g1 = 2,3, then there are no solutions.

v

v

v

Minimum value when g1 =5, g2 =7, ..., gk = Pkt2,
where pyo is the (k + 2)th prime

(-5 0-9-(1-55) <4

v



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle
» There are only solutions if

16(q1 —1)(g2 —1)...(qk — 1) = 3q1G2...qx < 0
(excluding the one previously-mentioned exception).

1 1 1 3 Prime difference
(175) (175)...(%%) <3

If g1 = 2,3, then there are no solutions.

v

v

v

Minimum value when g1 =5, g2 =7, ..., gk = Pkt2,
where pyo is the (k + 2)th prime

(-5 0-9-(1-55) <4

k > 994

v

v



Automorphism

Prime difference (continued) pa

>

Gerhardt Hinkle
There are only solutions if

16(q1 —1)(g2 —1)...(qk — 1) = 3q1G2...qx < 0
(excluding the one previously-mentioned exception).

1 1 1 3 Prime difference
(175) (175)...(%%) <3

If g1 = 2,3, then there are no solutions.

Minimum value when g1 =5, g2 =7, ..., gk = Pkt2,
where pyo is the (k + 2)th prime

-He-H-(1-:5)<3
k > 994
Other possibility: kK =993, p =3,

G =273 X L3 X ZLs X Ly X ... X Lpgys, and d(G) =3
(can be easily confirmed to be false)



Automorphism

Prime difference (continued) pa

>

Gerhardt Hinkle
There are only solutions if

16(q1 —1)(g2 —1)...(qk — 1) = 3q1G2...qx < 0
(excluding the one previously-mentioned exception).

1 1 1 3 Prime difference
(1-2)(-2)-(1-2)<3
If g1 = 2,3, then there are no solutions.
Minimum value when g1 =5, g2 =7, ..., gk = Pkt2,

where pyo is the (k + 2)th prime

-He-H-(1-:5)<3

k > 994

Other possibility: kK =993, p =3,

G =273 X L3 X ZLs X Ly X ... X Lpgys, and d(G) =3
(can be easily confirmed to be false)

Therefore, a solution to d(G) = +p exists if and only if
k > 994.



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle

» We can use a similar manner to find a lower bound on
the values of k that give a difference of at least +py.

Prime difference



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle

» We can use a similar manner to find a lower bound on
the values of k that give a difference of at least +py.

_1 _1 __1 __ P o

| 2 (1 3) (1 5) ves (1 Pk+2> S (pgfl)(mfl)’ Where the Prime difference
product excludes the term containing py so that there
are k terms in total.



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle

» We can use a similar manner to find a lower bound on
the values of k that give a difference of at least +py.

_1 _1 __1 __ P o

| 2 (1 3) (1 5) ves (1 Pk+2> S (pgfl)(mfl)’ Where the Prime difference
product excludes the term containing py so that there
are k terms in total.

> The product in the left side of the inequality goes to 0
as k goes to oo, so there will always exist a value of k
so that the inequality is satisfied.



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle

» We can use a similar manner to find a lower bound on
the values of k that give a difference of at least +py.
_1 _1 R P o
| 2 (1 3) (1 5) ves (1 Pk+2> S (pgfl)(mfl)’ Where the Prime difference
product excludes the term containing py so that there
are k terms in total.

> The product in the left side of the inequality goes to 0
as k goes to oo, so there will always exist a value of k
so that the inequality is satisfied.

» Let k(pp) be the lowest value of k satisfying the
inequality for a given pg. Then, any group G for which
d(G) = £pp must have k > k(po), except that it could
be possible to have k = k(po) — 1,

{g1,92, -, qk} = {3,5,7, ..., pks2} \ {po}, and
d(G) = po.



Prime difference (continued)

» k(po) increases very rapidly.

Automorphism
groups

Gerhardt Hinkle

Automorphisms

Original problem

Prime difference

Prime square
difference

Possible differences



Automorphism
groups

Prime difference (continued)
Gerhardt Hinkle

Automorphisms

Original problem

Prime difference

» k(po) increases very rapidly.
> k(3) = 994



Prime difference (continued) i
Gerhardt Hinkle
. . Prime difference
» k(po) increases very rapidly.
> k(3) =994
» k(5) is too large to compute easily. (much greater than
20 million)



Automorphism

Prime difference (continued) pa

Gerhardt Hinkle

Prime difference

» k(po) increases very rapidly.
> k(3) = 994
» k(5) is too large to compute easily. (much greater than

20 million)

» The numbers are so large that the chance of getting +1
is very remote, so | conjecture that there are no
solutions.



Automorphism
groups

Prime square difference

Gerhardt Hinkle

Automorphisms

Original problem

Prime difference

Prime square
difference

> d(G) = |Aut(G)| — |G| = £p? e



Prime square difference

> d(G) = |Aut(G)| — |G| = £p?
> |Inn(G)| = 1, p, p?

Automorphism
groups

Gerhardt Hinkle

Automorphisms
Original problem

Prime difference
Prime square
difference

Possible differences



Prime square difference

> d(G) = |Aut(G)| — |G| = £p*

> [Inn(G)| = 1,p, p?

» The only group of order p is Zp,
order p? are L and Zp X Zp.

Automorphism
groups

Gerhardt Hinkle

Prime square
difference

and the only groups of



Prime square difference

v

v

v

v

d(G) = |Aut(G)| - |G| = £p?
|Inn(G)| =1, p, p?

Automorphism
groups

Gerhardt Hinkle

Prime square
difference

The only group of order p is Z,, and the only groups of

order p? are L and Zp X Zp.
Inn(G) = {e},Zp x Zp,



Prime square difference M e
Gerhardt Hinkle
» d(G) = |Aut(G)| — |G| = £p? G
> |Inn(G)| = 1, p, p?

v

The only group of order p is Z,, and the only groups of
order p? are L and Zp X Zp.

Inn(G) = {e},Zp x Zp,
Either G is abelian or G/Z(G) = Zp x Zp.

v

v



Abelian

» d(G) = £p?, G abelian

(O < Fr <=

«E>»

o



Abelian

» d(G) = +p?, G abelian
» Possibilities:

Automorphism
groups

Gerhardt Hinkle

Prime square
difference



Abelian

» d(G) = +p?, G abelian
» Possibilities:
> G2 Zqg XLg, X ... X L

qk

Automorphism
groups

Gerhardt Hinkle

Prime square
difference



Abelian

» d(G) = +p?, G abelian
> Possibilities:
> G = Zg X Lg, X ... X Lq,

> Calculated like in the d(G) = £p case; can only give
d(G) = —p°

Automorphism
groups

Gerhardt Hinkle

Prime square
difference



Abelian

Automorphism
groups

Gerhardt Hinkle
» d(G) = +p?, G abelian
» Possibilities:

> G=Zg X ZLg, X ... X Lg,

Prime square
> Calculated like in the d(G) = £p case; can only give diffrence
d(G) = —p°

> G=Zp X Lgy X Lgy, X ... X Lg,



Abel |a n Automorphism

groups

Gerhardt Hinkle

» d(G) = +p?, G abelian
» Possibilities:
> G=Zg X ZLg, X ... X Lg,

Prime square
> Calculated like in the d(G) = £p case; can only give diffrence
d(G) = —p°

> G2 Zp X Lg X Lgy, X ... X Lg,
» Must be calculated manually



Abelian

» d(G) = +p?, G abelian
> Possibilities:
> G = Zg X Lg, X ... X Lq,

> Calculated like in the d(G) = £p case; can only give
d(G) = —p°

> G2 Zp X Lg X Lgy, X ... X Lg,
» Must be calculated manually
> G2 Ly X Lgy X Ligy X ... X Lg,

Automorphism
groups

Gerhardt Hinkle

Prime square
difference



Abelian

» d(G) = +p?, G abelian
> Possibilities:
> G = Zg X Lg, X ... X Lq,
> Calculated like in the d(G) = £p case; can only give
d(G) = —p°
> G2 Zp X Lg X Lgy, X ... X Lg,
» Must be calculated manually
> G2 Ly X Lgy X Ligy X ... X Lg,
» No solution

Automorphism
groups

Gerhardt Hinkle

Prime square
difference



Abelian

» d(G) = +p?, G abelian
> Possibilities:
> G = Zg X Lg, X ... X Lq,
> Calculated like in the d(G) = £p case; can only give
d(G) = —p°
> G2 Zp X Lg X Lgy, X ... X Lg,
» Must be calculated manually
> G2 Ly X Lgy X Ligy X ... X Lg,
» No solution
> G = Zps X Lg X Ligy, X ... X Lg,

Automorphism
groups

Gerhardt Hinkle

Prime square
difference



Abelian

» d(G) = +p?, G abelian
» Possibilities:
> G = Zg X Lg, X ... X Lq,
> Calculated like in the d(G) = £p case; can only give
d(G) = —p°
> G2 Zp X Lg X Lgy, X ... X Lg,
» Must be calculated manually
> G2 Ly X Lgy X Ligy X ... X Lg,
» No solution
> G = Zps X Lg X Ligy, X ... X Lg,
> G2Zy, d(G)=—p’

Automorphism
groups

Gerhardt Hinkle

Prime square
difference



Abel ia n AUtZ:)er:ism

Gerhardt Hinkle

» d(G) = +p?, G abelian
> Possibilities:
> G = Zg X Lg, X ... X Lq, i
> Calculated like in the d(G) = £p case; can only give ditrence
d(G) = —p°
G=Zp X Lg, X Lgy, X ... X Lig,
» Must be calculated manually
G = Zpy X Lgy X Ligy X ... X Lg,
» No solution
G=Zps X Lg, X Lgy X ... X Lg,
> G2Zy, d(G)=—p’
> G = Zp X Lip X Lgy X Ligy X ... X Lg,

v

v

v



Abel ia n AUtZ:)er:ism

Gerhardt Hinkle

» d(G) = +p?, G abelian
> Possibilities:
> G = Zg X Lg, X ... X Lq, P
> Calculated like in the d(G) = £p case; can only give diference
d(G) = —p°
G=Zp X Lg, X Lgy, X ... X Lig,
» Must be calculated manually
G = Zpy X Lgy X Ligy X ... X Lg,
» No solution
G=Zps X Lg, X Lgy X ... X Lg,
> G2Zy, d(G)=—p’
> G = Zp X Lip X Lgy X Ligy X ... X Lg,
» k=1 p=2q¢ =5, d(G)=4

v

v

v



Abel ia n AUtZ:)er:ism

Gerhardt Hinkle

» d(G) = +p?, G abelian
> Possibilities:
> G = Zg X Lg, X ... X Lq, i
> Calculated like in the d(G) = £p case; can only give ditrence
d(G) = —p°
G=Zp X Lg, X Lgy, X ... X Lig,
» Must be calculated manually
G = Zpy X Lgy X Ligy X ... X Lg,
» No solution
G=Zps X Lg, X Lgy X ... X Lg,
> G2Zy, d(G)=—p’
> G = Zp X Lip X Lgy X Ligy X ... X Lg,
» k=1 p=2,q =5 d(G)=4
» k=2:p=2,q1=5 ¢ =7,d(G)=4

v

v

v



Abel ia n AUtZ:)er:ism

Gerhardt Hinkle

» d(G) = +p?, G abelian
» Possibilities:
> G = Zg X Lg, X ... X Lq, i
> Calculated like in the d(G) = £p case; can only give diterence
d(G) = —p°
G=Zp X Lg, X Lgy, X ... X Lig,
» Must be calculated manually
G = Zpy X Lgy X Ligy X ... X Lg,
» No solution
G=Zps X Lg, X Lgy X ... X Lg,
> G2Zy, d(G)=—p’
> G = Zp X Lip X Lgy X Ligy X ... X Lg,
» k=1 p=2q¢ =5, d(G)=4
» k=2:p=2,q1=5 ¢ =7,d(G)=4
> ... (must be calculated manually)

v

v

v



Non-abelian

(O < Fr <=

«E>»

o



Non-abelian

> Inn(G
» G/Z(

)
G

~

)

Y/

p X Lp
(a, blaP = bP =1, ba = ab)

Automorphism
groups

Gerhardt Hinkle

Prime square
difference



Automorphism

Non-abelian G
Gerhardt Hinkle
> lnn(G) g Zp X Zp Prime square
difference

» G/Z(G) = (a,blaP = b? =1, ba = ab)
» In G, aP =x, b» =y, and bab—ta~! = z, where
x,y,z € Z(G).



Non-abelian

> Inn(G) = Zp x Zp

» G/Z(G) = (a,blaP = b? =1, ba = ab)

» In G, a? = x, bP =y, and bab—1a=1 = z, where
x,y,z€ Z(G).

» There may be some elements of Z(G) that are
unrelated to any of a, b, x, y, and z, but there can't be
any non-central elements of G that depend on anything
but a, b, and elements of Z(G).

Automorphism
groups

Gerhardt Hinkle

Prime square
difference



Automorphism

Non-abelian (continued) pa
» G = (a, b,z|aP" = bP! = zP =1, ba = abz,za = Gerhards Hinide
az,zb = bz) -
Original problem

Prime difference
Prime square
difference

Possible differences



Automorphism
groups

Non-abelian (continued)
» G (a,b,z|aPk = bPl = zP =1, ba = abz,za =

az,zb = bz)
> Let ¢, 9, and x be automorphisms of G, defined as

follows:

Gerhardt Hinkle

Prime square
difference



Non-abelian (continued)
» G (a,b,z|aPk = bPl = zP =1, ba = abz,za =

az,zb = bz)
> Let ¢, 9, and x be automorphisms of G, defined as
follows:

> ¢(a) = a, ¢(b) = bz, ¢(z) =z

Automorphism
groups

Gerhardt Hinkle

Prime square
difference



Non-abelian (continued)

» G (a,b,z|aPk = bPl = zP =1, ba = abz,za =

az,zb = bz)

> Let ¢, 9, and x be automorphisms of G, defined as

follows:

> ¢(a) = a, ¢(b) = bz, ¢(2) = z

> P(a) = az, P(b) = b

L P(2) =z

Automorphism
groups

Gerhardt Hinkle

Prime square
difference



Automorphism

Non-abelian (continued) pa

Gerhardt Hinkle
» G = (a, b,z|aP" = bP! = zP =1, ba = abz,za =

az,zb = bz)
> Let ¢, 9, and x be automorphisms of G, defined as
follows:
> ¢(a) = a, p(b) = bz, ¢(2) = R

> ¥(a) = az, p(b) = b, ¥(2)
> x(a) = ab', x(b) = b, x(2)



Non-abelian (continued)

» G (a,b,z|aPk = bPl = zP =1, ba = abz,za =

az,zb = bz)
» Let ¢, 1, and x be automorphisms of G, defined as
follows:
> ¢(a) = a, ¢(b) = bz, ¢(z) = z
» (a) = az, Y(b) = b, Y(z) = z
» x(a)=ab', x(b) = b, x(z) =z
> o(¢) =o(¢) =o(x)=p. pop=dot, xopFdox,
Xoy=1yox

Automorphism
groups

Gerhardt Hinkle

Prime square
difference



Non-abelian (continued)

» G (a,b,z|aPk = bPl = zP =1, ba = abz,za =

az,zb = bz)
» Let ¢, 1, and x be automorphisms of G, defined as
follows:
> ¢(a) = a, p(b) = bz, §(2) = z
» (a) = az, Y(b) = b, Y(z) = z
» x(a) = abl, x(b) = b, x(2) =z
> o(¢) =o(y) =o(x) =p Yop=doy, xopFdox,
xoY=1vox

Automorphism
groups

Gerhardt Hinkle

Prime square
difference



Non-abelian (continued) i

Gerhardt Hinkle
» G = (a, b,z|aP" = bP! = zP =1, ba = abz,za =

az,zb = bz)
> Let ¢, ¥, and x be automorphisms of G, defined as
follows:
> ¢(a) = a, ¢(b) = bz, ¢(2) = 2 .
> ¥(a) = az, p(b) = b, P(z) = z
> x(a) = abl, x(b) = b, x(2) = z
> o(¢) =o() =o(x)=p Yodp=dot, xodFdox,
xoy =1ox

> (0,0, x) = (Zp X Zp) X Zp
» The group generated by ¢, ¥, and ¥ is a subgroup of
Aut(G).



Automorphism

Non-abelian (continued) pa

Gerhardt Hinkle
» G = (a, b,z|aP" = bP! = zP =1, ba = abz,za =

az,zb = bz)
> Let ¢, ¥, and x be automorphisms of G, defined as
follows:

difference

bZ, gf)(Z) =z Prime square
z

> (0,0, x) = (Zp X Zp) X Zp

» The group generated by ¢, ¥, and ¥ is a subgroup of
Aut(G).

» p3 divides |Aut(G)| and |G|, so |Aut(G)| — |G| = £p?
is impossible.



Non-abelian (continued)

>

>

G = (a,b,z|aPk = bPl = 2P = 1, ba = abz,za =
az,zb = bz)

Let ¢, ¥, and x be automorphisms of G, defined as
follows:

> ¢(a) = a, ¢(b) = bz, ¢(z) = z

» (a) = az, Y(b) = b, Y(z) = z

» x(a) = abl, x(b) = b, x(2) =z
O(¢):O(¢):O(X):pvwOQSZQbOdJ,qus;éqboxy
xop=1vox

(0,0, x) = (Zp X Zp) X Zp

The group generated by ¢, ¥, and x is a subgroup of
Aut(G).

p? divides |Aut(G)| and |G|, so |Aut(G)| — |G| = +p?
is impossible.

If there are any other elements in Z(G), then G is a
direct product of the above group with an abelian
group, so p3 still divides |Aut(G)| and |G]|.

Automorphism
groups

Gerhardt Hinkle
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difference
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» All of the groups that were found in the d(G) = +p
case had d(G) = —p. Therefore, if my conjecture in the
last part of that case is true, then d(G) = p is
impossible.

Possible differences
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Gerhardt Hinkle
» All of the groups that were found in the d(G) = +p
case had d(G) = —p. Therefore, if my conjecture in the
last part of that case is true, then d(G) = p is
impossible.

> If G = 7Z,, then d(G) = ¢(n) —n= _(n — ¢(n)) Possible differences



Possible differences Automorphism

groups
Gerhardt Hinkle
» All of the groups that were found in the d(G) = +p
case had d(G) = —p. Therefore, if my conjecture in the
last part of that case is true, then d(G) = p is
impossible.

> If G = 7Z,, then d(G) = ¢(n) —n= _(n — ¢(n)) Possible differences

» n— ¢(n) is called the cototient of n.



Possible differences e
Gerhardt Hinkle
» All of the groups that were found in the d(G) = +p
case had d(G) = —p. Therefore, if my conjecture in the
last part of that case is true, then d(G) = p is
impossible.
» If G o~ va then d(G) — ¢(n) —n= _(n _ ¢(n)) Possible differences
» n— ¢(n) is called the cototient of n.

» Any positive integer that cannot be expressed as
n — ¢(n) for any positive integer n is called a
noncototient.



Possible differences e
Gerhardt Hinkle
» All of the groups that were found in the d(G) = +p
case had d(G) = —p. Therefore, if my conjecture in the
last part of that case is true, then d(G) = p is
impossible.
» If G o~ va then d(G) — ¢(n) —n= _(n _ ¢(n)) Possible differences
» n— ¢(n) is called the cototient of n.

» Any positive integer that cannot be expressed as
n — ¢(n) for any positive integer n is called a
noncototient.

» 10,26, 34,50, 52, 58, 86,100, 116, ...



Automorphism

Possible differences Grouss
Gerhardt Hinkle

» All of the groups that were found in the d(G) = +p

case had d(G) = —p. Therefore, if my conjecture in the

last part of that case is true, then d(G) = p is

impossible.
» If G o~ an then d(G) — ¢(n) —n= _(n _ ¢(n)) Possible differences
» n— ¢(n) is called the cototient of n.

» Any positive integer that cannot be expressed as
n — ¢(n) for any positive integer n is called a
noncototient.

» 10,26, 34,50, 52, 58, 86,100, 116, ...

» The negatives of some noncototients can still be
obtained as d(G) for some noncyclic group G.



Automorphism

Possible differences Grouss
Gerhardt Hinkle
» All of the groups that were found in the d(G) = +p
case had d(G) = —p. Therefore, if my conjecture in the
last part of that case is true, then d(G) = p is
impossible.

> If G = 7Z,, then d(G) = ¢(n) —n= _(n _ ¢(n)) Possible differences
» n— ¢(n) is called the cototient of n.

» Any positive integer that cannot be expressed as
n — ¢(n) for any positive integer n is called a
noncototient.

> 10,26, 34,50, 52, 58, 86, 100, 116, ...

» The negatives of some noncototients can still be
obtained as d(G) for some noncyclic group G.

> e.g. G Z2 X Zz X Z385, d(G) = —-100



Automorphism

Possible differences aroupe

Gerhardt Hinkle

» All of the groups that were found in the d(G) = +p
case had d(G) = —p. Therefore, if my conjecture in the
last part of that case is true, then d(G) = p is
impossible.

> If G = 7Z,, then d(G) = ¢(n) —n= _(n _ ¢(n)) Possible differences
» n— ¢(n) is called the cototient of n.

» Any positive integer that cannot be expressed as
n — ¢(n) for any positive integer n is called a
noncototient.

> 10,26, 34,50, 52, 58, 86, 100, 116, ...
» The negatives of some noncototients can still be
obtained as d(G) for some noncyclic group G.
» eg. G X7y X 7y X Zsgs, d(G) = —100
» If a noncototient equals 2p for some prime p, then |
conjecture that d(G) = —2p is impossible.



Automorphism

Noncototient difference aroupe

Gerhardt Hinkle

> d(G) = |AUt(G)| — |G’ = —2p, where 2p is a Possible differences
noncototient
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Noncototient difference aroupe

Gerhardt Hinkle

> d(G) = |AUt(G)| — |G’ = —2p, where 2p is a Possible differences
noncototient

» |Inn(G)| =1,2,p,2p



Automorphism

Noncototient difference aroupe

Gerhardt Hinkle

» d(G) = |Aut(G)| — |G| = —2p, where 2p is a Possible diferences
noncototient

» |Inn(G)| =1,2,p,2p

» Inn(G) = {e}, Dyp



Automorphism

Noncototient difference aroupe

Gerhardt Hinkle

v

d(G) = |AUt(G)| — |G’ = —2p, where 2p is a Possible differences
noncototient

|Inn(G)| = 1,2, p,2p
Inn(G) = {e}, Dap
Either G is abelian or G/Z(G) = Dop.

v

v

v



Abelian

» Possible cases:
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Abelian

» Possible cases:

> G2 Zo XLy X Lgy X Lgy X ... X Lg,

«4O0>» «Fr «=» <«

nae



Abelian

» Possible cases:
> G =7y X Ly X Lgy X Lig, X ... X L,
> 6(q1 —1)(g2 — 1)...(qk — 1) — 4q1G2...qk = —2p

Automorphism
groups

Gerhardt Hinkle

Possible differences



Abel ia n Autt;rrr:;r;:ism

Gerhardt Hinkle

» Possible cases:
> G =7y X Ly X Lgy X Lig, X ... X L,
> 6(q1 —1)(g2 — 1)...(qk — 1) — 4q1G2...qk = —2p
» 3(qr—1)(q2—1)..(qk — 1) — 2q1G2...qk = —p

Possible differences



Abelian

» Possible cases:
> G =7y X Ly X Lgy X Lig, X ... X L,

>
>
>

6(q1 — 1)(q2 — 1)...(qk — 1) — 4q192...q«
3(qr — 1)(q2 = 1)...(qk — 1) — 2G192...q«

The left side is even but the right side is odd, so there

is no solution.

—2p
-p

Automorphism
groups

Gerhardt Hinkle

Possible differences



Automorphism

Abellan groups

Gerhardt Hinkle

> Possible cases:

g G = Z2 X Z2 X qu X Zq2 Ko X qu Possible differences
6(q1 —1)(g2 — 1)...(qk — 1) — 4q1G2...qk = —2p

3(q1 — 1)(q2 = 1)...(qk — 1) = 2q1G2...qk = —p

The left side is even but the right side is odd, so there

is no solution.
~Y
> G=27p X Lo X Lp X Lip X gy X Logy X ... X Lg,

vYvyy



Automorphism

Abellan groups

Gerhardt Hinkle

> Possible cases:
> G =7y X Ly X Lgy X Lig, X ... X L,
6(q1 —1)(g2 — 1)...(qk — 1) — 4q1G2...qk = —2p
3(q1 — 1)(q2 = 1)...(qk — 1) = 2q1G2...qk = —p
The left side is even but the right side is odd, so there
is no solution.
> G=27p X Lo X Lp X Lip X gy X Logy X ... X Lg,
> This case has the same problem as the previous case,
so there is no solution.

Possible differences

vYvyy



Automorphism

Abellan groups

Gerhardt Hinkle

> Possible cases:

> G2y X 2o % qu X Zq2 Ko X qu Possible differences
6(q1 —1)(g2 — 1)...(qk — 1) — 4q1G2...qk = —2p
3(q1 — 1)(q2 = 1)...(qk — 1) = 2q1G2...qk = —p
The left side is even but the right side is odd, so there
is no solution.
> G=27p X Lo X Lp X Lip X gy X Logy X ... X Lg,

> This case has the same problem as the previous case,

so there is no solution.
> G=ZpXLpXLg XLgy X ... X Lg,

vYvyy



Abelian (continued)

> G = Zp X Lp X Lig, X Lagy, X ... X Lg,

«O>» «Fr «=>»
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Abelian (continued)

> G = Zp X Lp X Lig, X Lagy, X ... X Lg,

> (PP =1)(P*—p) (1 —1)(q2—1)--.(qk—1)—P*q102---qk =
—2p

Automorphism
groups

Gerhardt Hinkle

Possible differences



Automorphism

Abelian (continued) pa

Gerhardt Hinkle
~
> G = Zp X Lp X Lig, X Lagy, X ... X Lg,

> (PP =1)(P*—p) (1 —1)(q2—1)--.(qk—1)—P*q102---qk =
—2p

> (PP=1)(p—1)(q1—1)(q2—1)---(qk—1)—Pqiq2...Gk = —2

Possible differences



Automorphism

Abelian (continued) pa

Gerhardt Hinkle

v

G=Zp X Lp X Lgy X Lgy X ... X Lg,

(PP =1)(pP*—p)(q1—1)(q2—1)...(qk—1)—p*q1q2...qk =

—2p

(P*=1)(p—1)(a1—1)(q2—1)---(qk—1)—pg1G2...qk = —2

The left side is odd unless one of the g;s is 2, so let Resetitoaiftaitss
g =2.

v

v

v



Automorphism

Abelian (continued) pa

v

v

Gerhardt Hinkle
Y
G=Zp X Lp X Lgy X Lgy X ... X Lg,

(PP—1)(P*—p) (1 —1)(g2—1)...(qk— 1) — P*q1G2...qk =

—2p

(P*=1)(p—1)(q1—1)(q2—1)--.(qk—1) —pG1G2...Gk = —2

The left side is odd unless one of the g;s is 2, so let Resetitoaiftaitss
g =2.

(P*=1)(p—1)(g2—1)(g3—1)--(qk — 1) —2pG23...qk =
2



Automorphism

Abelian (continued) pa

v

v

Gerhardt Hinkle
[
G=2Zp X LpXLg X Lgy X ... X Lg,

(PP=1)(P*—p)(q1—1)(q2—1)...(qk —1)—p?*q1q2...qk =

—2p

(PP =1 (p=1)(a1—1)(q2—1)...(—1)—pq1G2...qk = —2

The left side is odd unless one of the g;s is 2, so let Resetitoaiftaitss
g =2.

(P*=1)(p—1)(g2—1)(g3—1)--(qk — 1) —2pG23...qk =

-2

ri = gi+1



Automorphism

Abelian (continued) pa
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v

Gerhardt Hinkle
Y
G=Zp X Lp X Lgy X Lgy X ... X Lg,

(PP—1)(P*—p) (1 —1)(g2—1)...(qk— 1) — P*q1G2...qk =

—2p

(P*~1)(p~1)(q1—~1)(q2—1)--.(qk—1)=PG1G2...qk = —2

The left side is odd unless one of the g;s is 2, so let Resetitoaiftaitss
g =2.

(P> =D)(p—1)(92-1)(q3—1)--.(qk — 1) —2pG2q3...qx =

-2

ri = gi+1

(p?>—1)(p—1)(n—1)(r2—1)...(rk_1—1)—2prira...r_1 =
2



Automorphism

Abelian (continued) pa

v

v

Gerhardt Hinkle
Y
G=Zp X Lp X Lgy X Lgy X ... X Lg,

(P*—1)(P*—p)(q1—1)(q2—1)..(qk—1) = P*q1G2.--qk =
(PP=1)(p=1)(q1—1)(q2—1)---(qk—1)— P G2--.qk = —2
The left side is odd unless one of the g;s is 2, so let ezl dlitvanees
g =2.
(P*=1)(p—1)(q2—1)(g3—1)-.-(qk —1) —2pq23...qk =
-2

ri = gi+1
(p?>—1)(p—1)(n—1)(r2—1)...(rk_1—1)—2prira...r_1 =
-2

Using a similar argument as in the last case for

d(G) = +£p, the lower bound on k — 1 is k(p).



Automorphism

Abelian (continued) pa

v

v

Gerhardt Hinkle
Y
G=Zp X Lp X Lgy X Lgy X ... X Lg,

(P*—1)(P*—p)(q1—1)(q2—1)..(qk—1) = P*q1G2.--qk =
(PP=1)(p=1)(q1—1)(q2—1)---(qk—1)— P G2--.qk = —2
The left side is odd unless one of the g;s is 2, so let ezl dlitvanees
g =2.
(P*=1)(p—1)(q2—1)(g3—1)-.-(qk —1) —2pq23...qk =
-2

ri = gi+1
(p?>—1)(p—1)(n—1)(r2—1)...(rk_1—1)—2prira...r_1 =
-2

Using a similar argument as in the last case for

d(G) = +£p, the lower bound on k — 1 is k(p).

Therefore, | conjecture that if 2p is a noncototient, then
there are no abelian groups G for which d(G) = —2p.
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» Finish the last case for d(G) = £p

» Finish the abelian case for d(G) = —2p when 2p is a
noncototient Further research

» Do the non-abelian case for d(G) = —2p when 2p is a
noncototient (G/Z(G) = Dyp)



Automorphism

Further research aroupe

Gerhardt Hinkle

» Finish the last case for d(G) = £p

» Finish the abelian case for d(G) = —2p when 2p is a
noncototient Further research

» Do the non-abelian case for d(G) = —2p when 2p is a
noncototient (G/Z(G) = Dyp)

» Extend to d(G) = +p", d(G) = +pq, etc.



Automorphism

Further research aroupe

Gerhardt Hinkle

» Finish the last case for d(G) = £p

» Finish the abelian case for d(G) = —2p when 2p is a
noncototient Further research

» Do the non-abelian case for d(G) = —2p when 2p is a
noncototient (G/Z(G) = Dyp)

» Extend to d(G) = +p", d(G) = +pq, etc.

» Determine what other differences are possible or
impossible
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