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Model Formulation

Typical Predator-Prey Model:

dx a

— =...— —X

dt c + mx Y

dy b

—— =... 4+ —X 1

dt ¢+ mx Y (1)
Where x and y represent the number of prey and predators respectively,
% and % represent the growth rates of the populations, t represents

time, and a, b, ¢, and m are positive parameters representing ecological
factors.

For this model, the relationship between x and y is fixed.
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Model Formulation

However in nature, some interactions between two species are not

necessarily static, but rather depend on the state of the system:
@ Rock Lobsters vs. Whelks

@ Ants vs Aphids

In such cases, a fixed classification and modeling of the interaction
between x and y is inadequate.
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Generalize Model

Instead, generalize (1) to

%:.“_i_al(X?y)X

dt ¢+ mx

dy az(x, y)

—_ =+ —= 2
dt +c+mxxy (2)

where the functions a3 and ap can take positive and negative
values. Since these functions are not constant, the interaction
between x and y can shift from mutualistic to host-parasitic to
competitive, depending on the signs.

=} = = = £ DA

_ Dynamics and Bifurcations in Variable Population Interactions



a(x)=a-bx
(a>0, b>0)

detriment the species undergo when they interact:

Some Examples
The type of « function used affects the magnitude of benefit or

a(x)=ax(b-x)

(>0, b>0)

a()=(ax-x 2)i1+bx ?)
(a>0, b>0)

\
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First Model
dx hx
% = x(n—kx)+ay(b—y)xy — 2%
% = y(rn — ky)+ cx(d — x)xy
This model includes the harvesting function H(x) = e/%x and has

quadratic « functions.

All parameters € R™, ri, r represent the intrinsic growth rates, ki,
ko represent the intra-specific competition coefficients, h represents
the rate of harvesting limit, e represents the number of species x it
takes to reach half of the rate of harvesting limit, and a, b, c, d
represent changes in environmental conditions.
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Equilibrium Points

Definition
Equilibrium Point:
A point xg € R" is an equilibrium of

x = f(x)

if f(xo) =0 Vt.

@ Boundary Equilibria

o Coexistence Equilibria
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=
Boundary Equilibria

A Boundary Equilibrium occurs along the x or y axis, when either
one or both species is extinct.

For xg a boundary equilibrium, xg may have the form:
° (0,0)

e (x4,0)

° (0, %)

species.

where x4 and ;—22 are the carrying capacities for the respective
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Restrictions for x4
Xt

_ (r1 — k1e) + \/(rl + k1€)2 —4kih
real x,. Must have:

2ky

Have restrictions on parameter values to get at least one positive,
!r1+k16!2

e h< i

o If h < ne, then only x; > 0.

o If h=reand n > ke, then x; =

(n+kie)?
e lfne<h< T

r1—k1e
k
o and r; > ke, then x+ > 0.

<< and x_ = 0.
@ and i < kye, then xx < 0.
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Coexistence Equilibria

A coexistence equilibrium is of the form xg = (x*, y*),
x* >0, y* > 0. Remember the system is:

d

. x[rl —kix+ay(b—y)y —
dt

d

d_}; =y[r — koy + cx(d — x)x]

-
e+ x

Thus a coexistence equilibrium (x*, y*) is a solution of:

rn—kix+ay(b—y)y —

h
=0

e+ x

r — koy + ex(d — x)x =0

(3)
These are the nullclines for the system.

(4)
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Coexistence Equilibria
To find x*, have:

3 3 3
ac3 10 (ac e 3ac d) aber3 _aery .
+...+(ne—h+—5= )=0
k3 k3 K3 k3 kg
Then put x* values in to

y=—ln+o?(d—x)]
2

Coexistence Equilibria are classified as mutualistic, host-parasitic

or competitive, and | use two methods of classification
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Coexistence Equilibria
To find x*, have:

3 3 3
ac3 10 (ac e 3ac d) aber3 _aery .
+...+(ne—h+—5= )=0
k3 k3 K3 k3 kg
Then put x* values in to

y=—ln+o?(d—x)]
2

Coexistence Equilibria are classified as mutualistic, host-parasitic
or competitive, and | use two methods of classification
@ Slope Method
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Coexistence Equilibria
To find x*, have:

3 3 3
ac3 10 (ac e 3ac d) aber3 _aery .
+...+(ne—h+—5= )=0
k3 k3 K3 k3 kg
Then put x* values in to

y=—ln+o?(d—x)]
2

Coexistence Equilibria are classified as mutualistic, host-parasitic
or competitive, and | use two methods of classification
@ Slope Method

e Carrying Capacity Method

1
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Slope Method

Through implicit differentiation, find equations for the slopes of
the nullclines:

— kl(e + X)2 —h
1T ay(2b = 3y)(e + x)2

- kiz[cx(zd 3]

To determine the type of coexistence equilibrium, evaluate the
slopes at (x*, y*):

@ mutualistic if m; > 0and my >0

@ competitive if m; <0 and my <0
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@ host-parasitic if m; > 0 and my <0 or m <0and my, >0
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Conditions for Classifications

Mutualistic

@ Must have x <

o For h < kie®, must have:
° y< 2
o For h > kie”,

must have:
o either x >

——eandy<
@ or 0 < x <

——eandy>
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Conditions for Classifications

Competitive:
@ Must have x >
o For h < kie®, must have:
° y> 2.
o For h > kie”,

must have:
o either x >

——eandy>
@ or 0 < x <

——eandy<
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Conditions for Classifications
Host-Parasitic:

e For x >

e For h < ke, must have:
o y< 2
o For h > ki€,

must have:
o either x >

——eandy<
e or0<x<

——eandy>
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Conditions for Classifications
Host-Parasitic:
@ For x > %d:
o For h < kye?,

must have
o y< 2
o For h > kje“,

must have:
o either x >

——eandy<
e or0<x<
e For x < 2

——eandy>

o For h < kie®, must have
0y>?.

o For h > kye”,

must have:
o either x >

w —eandy > 2
eor0<x< ——eandy<
_ Dynamics and Bifurcations in Variable Population Interactions

[m]

= = = =

12N Ge



Carrying Capacity Method

Again the system is:

dx

h
- =X[r1—k1X+ay(b—)/)y— e+x]
dy

i ylr2 — koy + ex(d — x)x]

Find the carrying capacities:

r

Yk = ky

(I‘l — kle) + \/(rl + k1e)2 —4kih
= 2k




@ mutualistic if x* > x, and y* > y,

Carrying Capacity Method
Compare coexistence equilibrium (x*, y*) to carrying capacities:

Host-Parasitic

@ host-parasitic if x* > xx and y* < yi or x* < xx and y* > yi
@ competitive if x* < xx and y* < yx
Y.

Mutualistic

Competitive

Host-Parasitic

k
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Local Stability Analysis

For either type of equilibrium, | analyze the behavior of the system
around the points.

There are two methods for analyzing the points:
e Eigenvalue Analysis

@ Trace-Determinant Analysis

There are four types of behavior for a 2-D system:
o Saddle
@ Node

@ Focus

o Center

_ Dynamics and Bifurcations in Variable Population Interactions
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Simple Examples




Linearization of System

Have non-linear system:
x = f(x).

For a linear system:

(5)
x = Ax with x(0) = xq,
solutions are of the form

x(t) = e’xq, teR, for

oo
eAt —

k!
k=0

: |
‘ lM
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Linearization of System

To linearize system, have this definition:

Definition

The linearization of (5) is defined as
x=Ax

where A=Df(x), the Jacobian of f.

Evaluate the Jacobian at the equilibrium to linearize around that
point; use eigenvalue or trace-determinant methods for behavior of
linear systems (good local approximation to non-linear system:
Hartman-Grobman Thm. and Stable Manifold Thm.).
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Jacobian of System

The general Jacobian for the system is:

2(b— y) — 2yx —
) = | ) 2

he
(et+x)?
exy(2d — 3x)

axy(2b — 3y)
For coexistence equilibria, the Jacobian simplifies to:

ry + cx?(d — x) — 2kay ]
* % —Bx*
30 = |

Bxt

my
makoy*  —koy*

For B = _kl((zii**))z—h

and my, my the slopes of the nullclines
evaluated at (x*,y*).
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Eigenvalue Analysis

Once | have the eigenvalues of the Jacobian, can determine the
type of equilibrium:

@ A, M €R, A1 <0< Ay or A1 >0 > Ay Saddle point

@ A, M eER, A <X <0or A > X >0: Node

@ A\ = atbifor a, b € R: Focus

@ A\ = =£bi for b € R: Center

Note: If A is purely imaginary, then the equilibrium is said to be
non-hyperbolic.

=} = = 12N Ge
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Trace-Determinant Analysis

Use this method when finding an explicit expression for the
eigenvalues is difficult.
The formula for the eigenvalues can be written as:

\ — T£VT?=4D
= 2

for A=the Jacobian of the system evaluated at the equilibrium,
T = trA, and D = detA. Thus

e if D<0: Saddle Point

e if D>0 and T2—4D>0: Node
(Stable if T<O0, unstable if T>0)

e if D>0 and T2—-4D<0: Focus
(Stable if T<O0, unstable if T>0)

o if D>0 and T=0: Center

Jordan Whitener Dynamics and Bifurcations in Variable Population Interactions



Conditions for Solution Behavior

For (0,0):
@ h < rpe: Unstable Node.
@ h > rie: Saddle Point.

@ Cannot be a stable node, focus, or of center-type.
ny.
For (0, 2):
o h<re+ "‘*’2( — £): Saddle Point.

@ h>nre+ ae2 (b — £): Stable Node.

e Cannot be an unstable node, focus, or of center-type.

=} = = = £ DA
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Conditions for Solution Behavior

For (x.,0):

2 2
A <O0forh< %, but h < % is necessary for x; € R.
Make inequality strict so as to keep A1 hyperbolic.
Also have A\; € R for x; € R.
Thus A1 < 0 and A\; € R, so x; may only be a saddle point or stable
node.
For (x_,0):

2 2
A1 >0 for h< %L, but h < %L is necessary for x_ € R
and for x_ to exist.

(At h= %, Xp = x_).

Also A\; € R for x_ € R.
Thus x_ may only be a saddle point or unstable node.

=} = = = £ DA
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Conditions for Solution Behavior

Special case for h = rje.

X_:0andx+:%.

Let F = 2cd® 4 27r, 4 34/12cd3r, + 8113
o Ifrn > %[d-l—f/z—i-l-\a/zc—,f] + ke,

then (x4, 0) is a stable node.

° Ifr1<%[d+\3/2—’:c+\3/zc—,§’6]+k1e,

then (x4, 0) is a saddle point.

=} = = = £ DA
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Conditions for Solution Behavior

Let xg = k1+ Vklh, with B, m1, and m» the same as before
Then for (x*,y*):

o If (Bx + kay)? — 4Bko(1 — m)xy =0

e and e > f and %2 2 < 1: Stable Node.

e and e < k_l' X > xg, and % < 1: Stable Node.

e and e < k,X<XB, m2 > 1, and Bx + kyy > 0: Stable
Node.

e e

k , X < xg, Bx+ kyy <0, and 72 2> 1: Unstable Node.

=} = = = 12N Ge
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Conditions for Solution Behavior
For (x*,y*):

o Ife> \/k—”l and 22 > 1: Saddle Point.

o lfe< ,/k—hl, x > xg, and m—f > 1: Saddle Point.

o Ife < /£, x < xp, Bx+ky #0, and 72 < 1: Saddle Point.
o If (Bx + kay)? < 4Bky(1 — )Xy

e and Bx + kpyy > 0: Stable Focus.

e and Bx + kpoy < 0: Unstable Focus.

e and h > ky(e + x)?, M2 > 1, and Bx + kpy = 0: Center.
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Examples

Parameter Values:
a=0.9; b=0.8; ¢=0.9; d=0.8; e=0.6; h=0.2;
k1=0.6; k2=0.6; I’1=0.8; I’2=0.8;

HP/ HP




Examples

Parameter Values:
a=0.6; b= 0.9; c=0.8; d=1.2; e=0.7; h=0.2;
k1=0.3; kp=0.5; r1=0.9; r,=0.7;




Examples
Parameter Values:

a=1; b=1.3; ¢c=0.4; d=1.5; e=0.5; h=0.72;
k1=0.1; ko=0.5; r1=0.6; r,=0.4;
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Bifurcations

The system depends on 10 parameters, so it is of the form:

x = f(x,p) (6)
with p € R,

The solutions and behavior of the system change with variations in
the parameters, but occasionally drastic changes (bifurcations)
take place for an arbitrarily small change in one or more
parameters.

If there exists a o for which (6) is not structurally stable, then g
is called a bifurcation value.
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Bifurcations

Types of bifurcations | looked for:

@ Transcritical: Exchange of stability.

e Saddle-Node(Fold): Number of equilibria goes from two to
one to none or vice versa, stability properties change at
bifurcation value.

@ Pitchfork: One equilibrium bifurcates into three equilibria,
initial equilibrium changes stability and two new equilibria
keep stability quality.

@ Hopf: An equilibrium bifurcates into a periodic orbit.

@ Cusp: A two-parameter bifurcation, occurs where saddle-node
bifurcations form.
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Saddle-Node Bifurcation

Bifurcation Diagram:

—

Phase Portrait:

u=-025
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Pitchfork Bifurcation
Bifurcation Diagram:

Phase Portrait:

4=-025

1=0. 25

u]

o
n |
[V
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Finding Bifurcations

Sotomayor’s Theorem

Assume have an n-dimensional system x = f(x, u) and have

f(xo, o) = 0, J(xo, pto) = A has a simple eigenvalue A =0, v is an
eigenvector of A corresponding to A = 0, w is a left eigenvector of
A corresponding to A = 0, and A has k eigenvalues with negative
real part and n-k-1 eigenvalues with positive real part.

If wTf,(xo0, f10) # 0 and w ' [D?f(xo, p10)(v, )] # O, then there is a
saddle-node bifurcation at xg when p = po.

Have similar sufficient conditions to prove existence of
transcritical and pitchfork bifurcations.
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Finding Bifurcations

To have a Hopf bifurcation, must meet conditions for center

behavior (purely imaginary eigenvalues, i.e. detA > 0 and trA = 0)
and have Liapunov number o # 0.

Initially use XPPAUT to see if any bifurcations exist.
Example Hopf Bifurcation Diagram:

=} = = = £ DA
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Bifurcations in Model

Parameter Values:

a=0.3; b=1.3; ¢c=0.4; d=1.5; e=0.6; h=varied;
k1=0.1; ko=0.4; r;=0.5; r,=0.4;

Results from XPPAUT with h as free parameter:

u]
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n
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Bifurcations in Model

XPPAUT output:

=]
=
s

U2
.881313-324
.6 +

00BARRE +
2.222243E-85 00EABE +

Pi >
3.0 0 4.400080F 108
2.84 2.200000E+00 2 .200000E +08
?_685116E-@1 1_8@6442E+0@
2.999869E-01 .

-2 _ABPPPIE-01 2_208811E-27 -2.208811E-27 ©.00PBGAE+00

=

=
s
PBUPE WD

PARCLY L2-NORM ucty Uz
7.917271F-81 1.772165E+00 1.762547E+08 1.843790F
9.558545F- 1.773096E+80 1.574433E+88 8.154938E-01
4.225300E-01 1.786@45E+00 3 _713761E-Di 1.438794E
5.207979E- 1.350943E+80 253265E +
3.539988E-01 1_0@@AOOE+0Q - 000ARRE +0a

-1.138562E-83 1.905265E+00 —-6.160023E-01 1.802936E+00

R
%=}

=

PARCLY L2-NORM [1$%3 vz
2.284388E+00 2.196834E+8@ 1.988538E+P@ —9.318173E-01

]

PARCLD L2-NORM ucLy U2
2.271861E+00 1_064440E-53 —1.064440E-53 ©.00DOOBE

[T¢83 U2
-1.9186D3E-01 4.129194E-31 -4.129194E-31 ©.00DOODBE+

=

=

PARCLY 1L2-NORM (1393 U<z
2.878646E+00 1.A0PPOGE+A0 1.747150E-52 1.0@0EAOE+0A

]

PARCL) L2-NORM [1¢%3 U2
-1.864762E-02 1.00ABOPE+A —2.571394E-38 1.0APHGAE+00

PARCLD L2-NORM MAX U AR U2 PERIOD
8.024750E-01 : .425564E+01
8.810738E-81 < 869325E+81
881556 7E-01 1 205150F 1421B2E+62
8.812058E-81 .206438E+00  3.307853E+82

1191 44F-61 204727 -941244E+62

2]

8.010759E- 286049 +

8_@11757E-@1 1_839380E+«0@ -206188E+G@ 8.
$.011173E-01 1.839625E+00 .205815E+00  9.332094E+02
8.811173E-81 1.838@BPE+@@ 2_025461E+08 1.20586BE+B8 9.332094E+82

R
1
1
1
1
1
R
2
2
2
2
2
2
R
2
R
E)
R
3
R
4
R
4
R
6
6
6
6
6
6
6
6
6

@ Used theorems to prove existence of transcritical, saddle-node,
and Hopf bifurcations.
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Bifurcations in Model

Parameter Values:
a=0.3; b=1.3; ¢=0.4; d=1.5; e=0.6; h=0.8024750;
k1=0.1; ko=0.4; r;=0.5; r»=0.4;

12N Ge

Dynamics and Bifurcations in Variable Population Interactions



Two-Parameter Bifurcations in Model

Parameter Values: Parameter Values:
a—varied; h=varied; ki =varied; h=varied;
b=1.3; ¢=0.4; d=1.5; e=0.6; a=0.3; b=1.3; ¢c=0.4; d=1.5;

k1=0.1; kp=0.4; r;=0.5; r,=0.4; e=0.6; ko=0.4; r;=0.5; r,=0.4;
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Boundedness of Coexistence Solutions

First some necessary tools:

Differential Inequality

If w(t, u) is a scalar function of the scalars t, u in some open
connected set 0, we say a function v(t), a <t < b, is a solution
of the differential inequality

v(t) < w(t, v(t)) (7)

on [a, b) if v(t) is continuous on [a, b) and has a derivative on
[a, b) that satisfies (7).

Jordan Whitener Dynamics and Bifurcations in Variable Population Interactions
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Boundedness of Coexistence Solutions

Theorem (1)

Let w(t,u) be continuous on an open connected set Q = R? and
be such that the initial value problem for the scalar equation

= w(t,u) (8)

has a unique solution.

If u(t) is a solution of (8) on a <t < b and v(t) is a solution of
(7) on a <t < b with v(a) < u(a), then v(t) < u(t) for
a<t<h.
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Boundedness of Coexistence Solutions

Every solution (x, y) starting in R? which satisfies either
d+ Vd? + b2 b+ Vb%+ d?
X>———ory> —— 9)
2 2
is bounded.

Proof
Let w = x+ 2y. Then

i = x(ry = kax) + ay(b = y )y = H(x) + 2[y(r2 = kay) + ex(d = x)xy],

and for each k > 0 we have
Ww+kw = x(r1+k—k1)+axy[y(b—y)+x(d—x)]+;y[rg—kk—kzy]—H(x).

Note: both x(r; + k — ki) and gy[rg + k — kay] form downward opening
parabolas.

=} = = = 12N Ge
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Boundedness of Coexistence Solutions

Replacing the parabolas with their corresponding maximum values, get

(r + k)?
4k

(f2+k)

i+ ko < axyly(b - y) +x(d )]+ 2] H(x).

Note that H(x) = 2%, so lim,_,ec+ H(x) = h.
Thus 0 < H(x) < hand h> 0.

Set restriction that y(b — y) + x(d — x) < 0, which gives rise to (9).
Thus B > 0 such that w + kw < B, or w < B — kw.

Let & = B — ku with u(0) = w(0). Then i + ku = B, which can be
solved explicitly by using an integrating factor. Get

B kt

u(t) = —(1 — e ) + upe™ (10)

where up = wp = xo + 2 0.
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Boundedness of Coexistence Solutions

Let w(t) be a solution of w < B — kw.
Then by Theorem 1, w(t) < u(t) for 0 <t < oo.
Thus 0 < w(t) < Z(1— ™) + woe ™ , and

lime_yoo Z(1— e7¥) + woe K = 8. 0
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Conditions for no Periodic Solutions

Can establish conditions under which periodic solutions are not possible,
using what is called Dulac’s Criterion:

Dulac’s Criterion

Let D be a simply connected open set of R?. If there exists a
real-valued function ¢(x,y) € C* in D such that

Sl Rl )]+ 5 (60 ) Falx. )

is not identically zero and does not change sign in D, then the
dynamical system

X = F]_(X,y)

}-/ = F2(X, y)

has no closed periodic orbits contained in D.
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Conditions for no Periodic Solutions

Let D be R2 and use ¢(x,y) = %
Then get

X — X e X 2
0 Falr ) )Pl )] = e 0"

Which can be written as

—kix3 — 2ekix? + (h — €?k1)x — ka(e + x)?y
xy(e +x)?

m] [ = = £ DA
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Conditions for no Periodic Solutions

For e > ,/il, all coefficients of

—kix3 — 2ekix? + (h — €®k1)x — ka(e + x)?y
xy (e + x)?

are negative Vx,y € R3.

Then by Dulac's Criterion, when e > 1/,(11 the system has no closed
periodic orbits contained in R2.
Corollary: For h = 0 (no harvesting), simply have e > 0, which is

always true. Thus without harvesting, no closed periodic solutions are
contained in R?.

So the harvesting function allows for periodic solutions,
given that e < kﬂl

m] [ £ DA
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Impact of Harvesting

System without harvesting:

% = x(n — kix)+ay(b—y)xy
% = y(n — ky)+ cx(d — x)xy

Boundary equilibria are: (0,0), (0, ,:—22) and (;—11,0).
versus (0,0), (0, 2), and (x4, 0) with harvesting.
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Impact of Harvesting

Without harvesting:
@ (0,0) is always an unstable node.

o (0, 12) is always a saddle or stable node.

) ko

1

*

(
@ (£,0) is always a saddle or stable node.
° (x

y*) is always either a saddle, stable node, or stable focus.

With harvesting:

(0,0) is always a saddle or unstable node.

(0, 2) is always a saddle or stable node, though different

conditions are necessary for a saddle.

(x4, 0) is always either a saddle, stable node, or unstable node.

(x*,y*) can be a saddle, stable node, unstable node,

stable focus, unstable focus, or of center-type.
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Impact of Harvesting

For these parameter values,

a=1.09, b=128 ¢c=04,d=0.21, =053, n=0.57,

ki =0.76, k, =091, h=0, e =0,

have one coexistence equilibrium, (0.89072,0.38898),

which is a stable focus.

By the slope and carrying-capacity classifications, (0.89072,0.38898)
is a host-parasitic equilibrium.

With h = 1.29 and e = 1.63, have one coexistence equilibrium,
(0.062363,0.62663), which is a stable node.

By the slope classification, (0.062363,0.62663) is a mutualisitc
equilibrium (xx is complex).
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Impact of Harvesting

For these parameter values,

ki = 0.83, kp =1.29, h=1.35, e = 1.2, have

a=1.09, b=0.63, ¢c=0.76,d=16,rn =168, n =1.36,

No Harvesting

Wth Harvesting

HP/ HP
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Second Model

Instead of using parabolic « function, use a rational a function

& = x(n — kix) + kl(%)xy_ b

2

& y(r2—koy) + ko (E22) xy
Compare to Dr. Hernandez's model:

N Ny (- ()N PLNa=13 Y gy
& = M(n—()N)+ 7% (mz—) 2

by
G = N = (RIN2) + 2 (ﬁ)NlNz

=} [ = £ DA
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Graphical Analysis of Bifurcations

For Dr. Hernandez's model:

Note: Dr. Hernandez only had saddle-node bifurcations in her model.
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Graphical Analysis of Bifurcations
For Second Model:

o
1
05 o 05 1 15
h

For parameters:

25

a=1b=13c=04,d=15 e=05 h=varied, r = 0.6, r» = 0.4,

k; = 0.337, ko, = 0.5. For h = 1.0515, had a hopf bifurcation.

=] =
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Periodic Orbits in Second Model

For parameters:
a=02,b=13,¢c=02,d=15 e=0.6, h=0.7816406,

n = 0.5, rn = 0.4, k1 = 0.1, k2 =0.4.

- @
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Next Step

e Mathematical analysis of second model(rational « function).
@ Add a refuge component to one or both species.
@ Make stage-structured populations.

@ Use more than two species, with either static or variable
interactions.

=} = = = £ DA
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