Moment Generating Functions
Definition: The moment generating function
(MGF) of X, written as ¥(t), is

P(t) = B[],

When the expectation is not well-defined for
some t = tg, then we do not talk about ¥ (¢g).

If X is a continuous random variable with pdf
f(x), then

b = [ ef(@)da.

— OO

If X is a discrete random variable with proba-
bility function f, then

P(t) = e f(a).

Remark: When t = 0, MGF is always well
defined and equals 1. ¥(0) = 1, because

»(0) = E[%*] = E[1] = 1.



Ex1

Let X ~ Ber(p), which means X is either 1 or
0,and P(X =1)=p, P(X =0)=1—p. The
moment generating function (MGF) of X is

P (1) Ele'*]

elPp(X =1)4P(X =0)
e'p + e°(1 - p)
1 —p—+ pe’

The above equation holds for all —oco < t < 0.



Ex2

Let X ~ Bin(n,p), which means X takes values
from 0,1,2.....n, and P(X = k) = (Z)pk(l -

p)"~*. The moment generating function (MGF)

of X is
(1)

E[etX]

z”: elFP(X = k)

k=0

> Gtk(Z)pk(l—-p)”_k
k=0
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where in the last step we applied the Binomial

theorem.

The above equation holds for all —oco < t < .
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Ex3

Let X has the pdf f(x) = e *I(x > 0).

P (1)

E[etX]

o0 t o
/ ePe Pdx
0

o0
/ e(t_l)xda:
0

If t > 1, then (—1% > 1 for all z > 0. Thus

If t <1,

0
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Ex4

Let X ~ N(0,1). Find ().

Y(t) = B[]

/OO tx 1 _%d
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—00 V2T

2 dx

/OO 1 _w2—2t:I;
= e
—00 V2T

/oo 1 (:p—t)Q—th
— e 2 T
—00 V2T

1,20 roo 1 (z—t)2
p— e?t [/ 5 e 2 d

|
a
N

|
Q)
N

z]



Compute Moments by MGF

The k-th moment of X is defined as E[X*] for
k= 1,2,3,4,... whenever the expectation is
well defined.

When the MGF of X exists for all ¢ within a
small open interval around 0 ((—4,6), for some
5 > 0), then E[XF] exists for all k> 1 and

E[x* = "(0).
»{*)(0) is the k-th derivative of ¢ (¢) at ¢t = O.

Explanation: By the Taylor’'s expansion of the
exponential function we have

X =141X —I—%(tX)Q +%(tx)3 4.

b(1) = B[]
= B[+ 6X + 5 (1) + 3 (1X)3 + -+ ]

14+ tE[X]+ %tQE[XQ] + %t3E[X3] + ..
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The Taylor's expansion of 1 (t) gives us
v = $(0) + M)+ 2y (0)
20 ©0) + -

Compare the two series we see

v *)(0) = E[X*], k=1,2,3,....

Two special cases are of particular interest
¥'(0) = E[X]; ¢"(0) = E[X?].
where /(0) = %(1)(0) and ¢"(0) = %(2)(0).

Therefore

E[X] = ¢'(0).

Var(X) = v¢"(0) — [¢/(0)]?.



Ex1
Let X ~ Bin(n,p). Compute EX and Var(X).

We have computed the MGF of X
Y(t) = (1 —p+ pe)"

W' (t) = n(1 — p+ pet)" pet

s = A

= n(n—1)(1 — p+ pe")" ?pelpet
+n(1 — p+ pet)" " 1pe

EX =4'(0) = n(1 — p+ pe®)" 1pe® = np.

"(0) = n(n—1)(1 —p+ pe®)"?pelpe’
+n(1 —p+ pe®)Lpel
= n(n—1)p>+np

" (0) — [¢'(0)]?
n(n — 1)p® + np — (np)?
—np? + np = np(1 — p).

Var(X)
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Ex2
Let X has the pdf f(z) = e %I(x > 0).

We have computed

1
t) = —— fort<l1.
$(t) =

@b(t) (1 t)2
¢//(t) (1 t)3

W) = 12
EX =v'(0) =1
E[X?] =4"(0) =2
E[X’] =¢"(0) =6

Var(X) = E[X?] — (EX)?° =2-1%2=1.
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A useful theorem

Theorem: Suppose X1, X»o,...,X, are inde-
pendent random variables and ¢ x.(t) is the
same MGF of X;. Let
Y =a1 X1+ arXo+ -+ anXy +0.
Then the MGF of Y is
n
Py (8) = € I] vx,(ait).

1=1
Proof:

Yy ()

E[etY]
E[etale+ta2X2+“‘+taan+b]

eth[etaleetagXQ o etaan]

by independence assumption
eth[etale]E[etaQXQ] o E[etaan]
ey, (ta1)x,(tag) - - x, (tan)
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Ex1

If X;s1<1:<n areiid random variables and

X14+Xo4++X, _
y = X1t % TXn  Eind 1y (¢).

Solution: We use the theorem. Note that a1 =
oo =ap=1/y/n and b= 0 so

Yy (1) = ]| vx,(t/vn).
i=1

Furthermore, because X;s have the same dis-
tribution, vx, =vx, =+ =Yy, then

Yy (1) = x, (t/v/n)".
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Ex2

Let Y = o X 4+ p with o > 0. Find ¢y (t). Write
down the explicit expression if assume X is a

standard normal RV.

Solution: By the theorem we know

Py (1) = e*px(at).
If X ~N(0,1) then ¢¥x(t) = e%tz. Hence

1 02
Yy (t) = et“eﬁ(gt)Q = et“+7t2.
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Use MGFs to determine the distribution

First, if two random variables X and Y have
the same distribution, that is, they have the
same probability function or the same proba-
bility density function, then X and Y have the
same MGF. This can be seen from the defini-
tion of MGF.

On the other hand, if X and Y have the same
MGF, then they must follow the same distri-
bution.

We will use this property to figure out the dis-
tribution of some random variable by compar-
ing its MGF with the MGFs of existing known
distributions.
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Ex1

Let Xq,Xo,..., X, are iid Ber(p). Let YV =
X1+ Xo4---4 X,,. Find the distribution of Y.

The MGF of X, is 1 —p+pet. ¥ = a1Xq1 +

Uy () = T] v(0) = $(O)" = (1 — p+ pe))”

1=1
Note that (1—p+4pet)™ is the MGF of Bin(n,p).
Thus we know Y ~ Bin(n,p).

From this example we see that Bin(n,p) can be
viewed as sum of n iid Ber(p) random variables.
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Ex2

Suppose X1 ~ Bin(ni,p) and Xo> ~ Bin(no,p).
Let Y = X1 + X». Find the distribution of Y.

Yy (t) = vx,(H)vx, ()
= (1—p+pe)" (1 —p+ pe")™?
(1 — p + pet)rrtn2

Note that (1 — p 4+ pet)™t"2 is the MGF of
Bin(n1 + no,p). Thus we know Y ~ Bin(nq +

no,p).
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Central Limit Theorem

Motivation Consider the sample mean again
and n = 1000. Assume Var(X) = 1. So far,
we have Chebyshev inequality to help us get

o2

PrlX —u/<01)>1— = 0.90
(X =ul =021 =60
The lower bound can be crude. For example,
if the distribution is N(u,1), then Chebyshev

inequality tell us

1
1000 - (0.01)

However, we know X ~ N(u, tg55), hence

V1000(X — ) ~ N(0,1) and

Pr(|X —p/<0.1)>1 = 0.90

Pr(|X —u| <0.1)

Pr(]v/1000(X — p)| < /1000 - 0.1)
Pr(—v10 < N(0,1) < v10)
®(v/10) — d(—/10) = 0.998.
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Motivation, contd’

What if the distribution is not normal? For
instance, Xq,...,Xq1000 are iid Ber(p), can we
calculate the probability? In principle, we can
but it is not as easy as the normal case.

What if the distribution is totally unknown?
It is not normal, not Bernoulli, not Exponen-
tial, not ....7 Then we cannot calculate the
EXACT value of Pr(|X — pu| <0.1).

BUT we can calculate a good approximate
value of Pr(JX — u| < 0.1) and it turns out
that the approximate value is 0.998.
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Central Limit Theorem: Let X4,...,X, be
iid random variables with common mean p and
common variance 2. Then for each real num-
ber z,

lim Pr(

n—oo

where

<z)=Pr(N(0,1) < z) = ®(z2)

V(X — )

d(z) = /z \/1_e_§dt.

—o0 V27

Or we say the random variable \/ﬁ(f_“) con-
verges to N(0,1) in distribution. Write

V(X — p)

7 d N(O, 1).

or

V(X — p) =4 N(0,07).

Basically, Central Limit Theorem (CLT) says
that the distribution of an average will tend to
be Normal as the sample size increases, as long
as the distribution from which the average is
taken is not pathological in the sense that it
has a finite mean and finite variance.
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CLT will be used to in stat5102 to construct
confidence intervals, to calculate p-values in
hypothesis testing etc.

Examples of CLT

Ex1l. If Xq,...,X, are iid Ber(p). u = p and
o2 =p(1 —p).

X —
VX =p) N0 1),
V/p(1 —p)
Ex2. If X1,...,X, are iid Unif(0,0). pu =4,
2 _ 02
o =12
x_°0
vl - 2) »q N(0,1).
92

12
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Explain the CLT

Basic idea: We already know that if X and
Y have the same MGF, then they have the
same distribution. Hence it is not too difficult
to imagine that if two random variables have
very "similar’ MGFs then their distributions
are very "similar’ too. Hence we show the
MGF of Z, = \/ﬁ(f_“) is very close to the
MGF of N(0,1).

The MGF of Z, is

¥z, (t) = E[e""]
42
The MGF of N(0,1) is e2. So we need to

argue
2

"QDZn(t) ~ 6%.

12

09(17,(8) ~ -
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Explain the CLT, contd’

Note that
o
tvnl O tv/np
A s o
nooot
A
n t
——(X;— )
Wy (1) = Elet?r] = E[]] eVre ]
1 =1
n _to(x.—
(iﬂdependence) p— H E[e\/ﬁg( i N)]
1 =1

TN ot
(definition) = il;[lw(Xi_“)(\/ﬁa)

w(Xi_,Uf) is the MGF of (Xz — ,LL).
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Explain the CLT, contd’

n t
l0g(¢g, (1)) = iglog(¢(Xi_“)(ﬁ))
t
= n|09(¢(){1_u)(ﬁ))
We used the assumption that X;s have the
t
J/no

to zero. Use Taylor's expansion of ¢ y. _ H)(\/_a)
at zero

t
voa-w(=2) = w(Xl M)(O>+¢(X1 ) (0)——

Vno fa

+= ¢(X1 M)(O)<W)2+Rn

R, is a small reminder term. We know the
following properties of MGF

Y- (0) =1 Py, ,)(0) = E[(X1—p)] =0

Wx,—(0) = E[(X1 — p)?] = 0?
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Explain the CLT, contd’

_ 2 t2
t2
= 1+ +R

R, is a small term compared with é—n

t
n |Og(¢(X1—M)(ﬁ))
2
= nlog(l+ = + Rp)
2 2n
n(t— + higher order terms)
2n

12

2
Thus we can claim that when n — o
/2
wzn(t) — e2.

Q

for each t.

24



